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1 preliminary
In this paper, we prove the switching formula for Family Seiberg-Witten invari-
ants. Besides its role in the family Seiberg-Witten theory, the formula is also
one of the main ingredients in the proof of the Go¨ttsche and the Go¨ttsche-Yau-
Zaslow conjecture[Liu1].
Recall that in the ordinary Seiberg-Witten theory, a simple formula similar
to the blow up formula was proved by R. Stern and R. Fintushel[FS] regarding
the change of Seiberg-Witten invariants for the two different spinc structures
which differ by a multiple of classes with self intersection number = −n. Our
formula generalizes theirs to the family Seiberg-Witten theory. It turns out
that through our generalization, the Gromov-Taubes aspect of R. Stern and R.
Fintushel’s formula can be fully explored.
In an earlier paper[Liu3], the current author has derived the family blowup
formula for −1 spheres. The family blowup formula plays a rather crucial role
in understanding the enumerating question upon the number of nodal curves
on an algebraic surface. In this paper, we generalize the approach to prove the
−n sphere switching formula.
In the following, we list all the few main theorems proved in the paper.
The following theorem is the family switching formula of −n spheres.
Main Theorem 1 Let π : X 7→ B, π : C 7→ B, L and Lk be the fiber bundle
of four-manifolds, the relative S2 fiber bundle with fiberwise self-intersection
number −n, the two fiberwise spinc structures .
Assume that the family moduli space expected dimensions are non-negative,
then ∃V 7→ B, a complex virtual vector bundle over B called the relative ob-
struction virtual bundle and the following family switching formula relates the
family invariants of spinc structures Lk and L,
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FSWB(c,Lk) =
∑
i≥0
FSWB(ci(V) ∪ c,L).
For the notations and the structure of V, please consult section 3 and the
statement of theorem 2 on page 5.
The following theorem for algebraic family Seiberg-Witten invariants in sec-
tion 4 is the algebraic analogue of the switching formula in which we allow the
P1 fibration to have singular fibers.
Main Theorem 2 Let π : X 7→ B be an algebraic fiber bundle of algebraic
surfaces over a proper and smooth algebraic manifold B. Let C be a (1, 1) class
of X which restricts to (1, 1) classes of the fibers.
Let C ⊂ X be a rational curve fibration over B with smooth generic fibers
and self-intersection number −n.
Under these assumptions AF (i).−AF (iv). (see page 22 for the details), the
pure algebraic family invariants of C + kPD(C) and the mixed family invariant
of C are related by the following formula,
AFSWX 7→B(1, C + kPD(C)) =
∑
0≤i<∞
AFSWX 7→B(ci(V17→k), C),
where the relative obstruction virtual sheaf V17→k can be identified with the
virtual sheaf
R1π∗OkC(DC + kC)−R0π∗OkC(DC + kC).
In section 5 and section 6 we apply the ideas embedded in the proof of the
family switching formula to some concrete example on the restriction of the
universal family X = Mn+1 ×Mn Y (Γ) 7→ Y (Γ) = B. In section 5 we com-
pare the canonical algebraic Kuranishi models of two classes C −M(E)E −∑
ei·(C−M(E)E)<0
ei and C −M(E)E. In section 6, we apply the technique
of localized top Chern classes and identify certain localized contribution of
AFSWMn+1×T (M) 7→Mn×T (M)(1, C −M(E)E) to be
AFSWMn+1×MnY (Γ)×T (M) 7→Y (Γ)×T (M)(ctotal(τ), C−M(E)E−
∑
ei·(C−M(E)E)<0
ei).
Main Theorem 3 Under the Simplifying Assumption, the integer jY1∗ZY1(scanon)∩
c1(i
∗
YH)
dimCMn+
C2−C·c1(KM )
2 +pg−
∑
i≤n
m2
i
+mi
2 , representing the dominated lo-
calized contribution of Y (Γ) to AFSWMn+1×T (M) 7→Mn×T (M)(1, C −M(E)E),
can be identified with the mixed family invariant
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AFSWMn+1×MnY (Γ)×T (M) 7→Y (Γ)×T (M)(ctotal(τ), C −M(E)E −
∑
i≤p
eki)
for some τ ∈ K0(Y (Γ)× T (M)).
Please consult section 6 and page 43 for the notations and the details of the
simplifying assumption.
2 A Simple Review of Fintushel-Stern’s Argu-
ment
After the discovery of the Seiberg-Witten theory [W], the calculation of Seiberg-
Witten invariants has become an important subject as Seiberg-Witten invariants
give rise to the smooth diffeomorphism invariants of the four-manifolds. It has
been the long term goal of several group of people to understand the behavior
of the Donaldson or Seiberg-Witten invariants under several kinds of surgerical
operation. In the present, we do not attempt to add new ingredients into this
beautiful theory. Instead, we would like to generalize a simple formula of R.
Fintushel and R. Stern to the family version of Seiberg-Witten invariants. As
it will be shown in the second section, the proof of the new formula does not
involve any new trick or technical improvement of Seiberg-Witten-Floer theory.
Instead, the conjecture raised at the end of the paper strongly indicates the
simplicity of the picture while the corresponding Floer theory could be rather
complicated.
It was R. Fintushel and R. Stern who first noticed the importance of the
switching formula in the context of the original Seiberg-Witten theory.
Let C be a cohomology class in H2(M,Z) with C2 = −n, then C determines
a complex line bundle EC over M . Suppose the class C is represented by a −n
two-sphere in the four-manifoldM , then one considers the determinant bundles
of the spinc structures of the following form
Lk = L0 ⊗C E2kC .
To simplify the notation, we will adopt the following alternative additive
notation
Lk = L0 + 2kC, k ∈ Z.
Question: How do the Seiberg-Witten invariants of L0 and Lk relate to each
other?
As the invariant is defined to be zero if the dimension of its moduli space
is negative, it is more interesting to consider the case that both the moduli
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space dimension L0 and Lk are non-negative. They give explicit lower bounds
to c1(L0)2 and c1(Lk)2.
With this convention understood, one may state the following theorem of
Fintushel-Stern [FS].
Theorem 1 (Fintushel-Stern) Let C ∈ H2(M,Z) be represented by a −n two-
sphere in the smooth four manifold M . Let L0 and Lk = L0 + 2kC be the
determinant line bundles of the two spinc structures related by the tensoring of
2k multiple of the complex line bundle EC associated with C.
Suppose that the dimensions of the Seiberg-Witten moduli spaces of L0, Lk,
c1(L0)
2−2χ−3σ
4 ,
c1(Lk)
2−2χ−3σ
4 are non-negative,
then the Seiberg-Witten invariants of both spinc structures are equal to each
other,
SW (Lk) = SW (L0).
As the proof is rather similar to the proof of blowup formula, let us indicate
only a few key points.
Let us take a tubular neighborhood of the embedded S2 (poincare dual to
C) inside M which is diffeomorphic to a two dimensional disk bundle D over
the S2. As the self-intersection number is C2 = −n, the normal bundle of the
S2 can be identified with a complex rank one bundle of negative first chern class
−n. In particular, the boundary of the disk bundle ∂D, an S1 bundle over the
embedded S2, is an oriented three dimensional manifold, denoted by Ln. R.
Fintushel and R. Stern observe that Ln, n ∈ N are lens spaces. A key property
used in the proof of Stern-Fintushel is the fact that Ln carry positive scalar
curvature metrics. This follows from the fact that S3 is the universal covering
of all the Ln.
Exactly as was used in the proof of the blowup formula, we consider the
so-called long neck metric with a neck isometric to Ln×R bridging the S2 and
M −D. The vanishing theorem of Seiberg-Witten invariants on manifolds with
positive scalar curvature metrics [W] simplifies the gluing argument dramatically
and it implies that the Seiberg-Witten moduli spaces of L0 and Lk, ML0 and
MLk are diffemorphic. A simple obstruction bundle calculation leads to the
proof of of the simple equality.
The reader should consult [FS], [Liu3] for more details.
3 The Set Up for Family Switching Formula and
a Sketch of its Proof
Let us discuss the set up of our main theorem and fix our notations. Let
π : X 7→ B be a fiber bundle over B such that the fibers are diffeomorphic to
a smooth four manifold M with b+2 > 0. Let C 7→ B be a S2 fiber bundle over
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B which is embedded into X 7→ B. Let NC 7→ C be the real rank two normal
bundle of C 7→ B in X . We assume that the fiberwise degree of NC along
C 7→ B is negative = −n, n ∈ N, our goal is to compare the family Seiberg
Witten invariants with different multiplicities along C 7→ B.
One assumes additionally that a fiberwise almost complex structure has been
equipped upon some tubular neighborhood of C ⊂ X such that the fiber bundle
C 7→ B is a relative CP1 pseudo-holomorphic embedding into X 7→ B. Then
NC is equipped with a complex structure and is viewed as a complex line bundle
over B. Let K denote the canonical line bundle of the fiberwise almost complex
structure. Then it follows that K|calC ∼= N∗C ⊗T∗C/B .
Let Q 7→ C be a complex line bundle over the CP1 bundle C 7→ B. Then
there exists a ∂¯Q operator on Q
∂¯Q : Ω
0,0
C/B ⊗Q 7→ Ω0,1C/B ⊗Q,
making Q a relative holomorphic line bundle on C 7→ B. The virtual bundle
R·π∗(Q) is defined to be the family index bundle IND(∂¯Q) = Ker(∂¯Q) −
Coker(∂¯Q).
Let L be the determinant line bundle of a fiberwise invariant spinc structure
on X . Let D(NC) be the disc bundle inside the normal bundle of C in X . Then
the boundary of D(NC) is a lens space bundle over B. Let us denote ∂(D(NC))
by L(n). Under this convention L(1) has a structure of an S3 bundle over B and
the present set up is reduced to the family blowup setting discussed in [Liu3].
Let PD(C) ∈ H2(X ,Z) denote the poincare dual of the sub-manifold C 7→ X .
Then we may follow the convention in the ordinary Seiberg-Witten theory and
denote Lk = L + 2kPD(C) to be the determinant line bundle of a new spinc
structure by tensoring L with 2k power of the complex line bundle determined
by PD(C). Then we want to relate the family Seiberg Witten invariants of the
spinc structures L and Lk = L+ 2kPD(C).
Let the relative degree of L along C 7→ B be m ∈ N. As L is a characteristic
element restricted fiberwise overB,
∫
C/B
(L+C) = m+nmust be an even integer.
As in [LL1] we introduce the pure and mixed family Seiberg-Witten invariants
and denote them by FSWB(1,L) and FSWB(c,L), c ∈ H ·(B,Z), respectively.
Then we have the following main theorem on the switching process,
Theorem 2 Let π : X 7→ B, π : C 7→ B, L(n) 7→ B, NC 7→ B, L, Lk and m,n
be as defined above and let the family moduli space dimensions
∫
X/B
c1(L)2 − 2χ− 3σ
4
+ dimRB,
∫
X/B
c1(Lk)2 − 2χ− 3σ
4
+ dimRB
be non-negative, then ∃V 7→ B, a complex virtual vector bundle over B
called the relative obstruction virtual bundle and the following family switching
formula relates the family invariants of spinc structures Lk and L,
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FSWB(c,Lk) =
∑
i≥0
FSWB(ci(V) ∪ c,L).
(i). rankCV =
−km+k2n
2 .
(ii). The virtual vector bundle V 7→ B is virtually isomorphic to (in K(B))
−⊕i≤k R·π∗(NiC ⊗ P) ∈ K(B).
The complex line bundle P =√L ⊗K|C is well-defined because m+ n ≡ 0
(mod 2).
Remark 1 (i). In defining the index bundle R·π∗(N
i
C ⊗ P) of ∂¯NiC⊗P , the
bundle NC has been given a holomorphic structure. We have assumed that the
map C 7→ X to be relative pseudo-holomorphic over B. In terms of Gromov
theory, the existence locus of a −n pseudo-holomorphic rational curve within
a generic family is of complex codimension 1 − n. To get a relative pseudo-
holomorphic embedding like C over the whole B, one may restrict the family to
be above the existence locus of the rational curves. An alternative way to define
a complex structure on NC is to view NC as the complex line bundle induced by
its S1 circle bundle.
(ii). In the above theorem, we also assume C 7→ B to be smooth, i.e. there is
no singular fibers. In the algebraic proof of the family switching formula (see
section 4), we will drop this assumption and allow π : C 7→ B to have singular
values.
(iii). In the above main theorem, the virtual rank rankCR
·π∗(N
i
C ⊗P) is equal
to (−in+ m+n−22 +1) = −in+ m+n2 may not be positive. It depends on the sign
and the absolute value of the number m.
Therefore the virtual rank of the virtual bundle V is equal to
∑
i≤k(in −
m+n
2 ) =
−km+k2n
2 , which may not be positive, either.
(iv). Whenever the virtual rank rankCV is negative, the previous equality be-
tween the different pure and the mixed family Seiberg-Witten invariants could
be re-interpreted as
FSW (c,L) =
∑
j
FSW (cj(W) ∪ c,Lk),
where the virtual vector bundle W is virtually isomorphic to −V in the K
group K(B) and is of positive virtual rank.
Or by using the well known relationship [F] between the Segre classes and
the Chern classes, we may re-write the previous relationship as
FSW (c,L) =
∑
j
FSW (sj(V) ∪ c,Lk).
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Let us discuss several special cases of the family switching formula before
giving derivation of the main theorem.
Suppose that X 7→ B is the fiber bundle constructed by blowing up a fiber
bundle X0 7→ B along a cross section s : B 7→ X0. Then C is nothing but the
relative −1 two-sphere in X and the disk bundle D(NC) 7→ C can be identified
with the CP2(R0π∗(N
∗
C) ⊕ C) 7→ B minus the cross section at infinity. The
family switching formula reduces to the family blowup formula studied in [Liu3].
The class PD(C) has been denoted by E in this special situation. Let L =
Ld + E,Ld ⊥ E in H2(X ,Z) and L+ 2kE = Ld + (2k + 1)E be the two spinc
structures discussed in the switching formula, then the family switching formula
asserts that
V = −⊕1≤j≤k R·π∗(NjC ⊗ P).
TheP1 bundle C 7→ B can be identified with the projectificationCP1(R0π∗(N∗C)) 7→
B and one may apply the family index theorem (essentially the Grothendieck-
Riemann-Roch formula in the smooth category) to the map π : C 7→ B. Let
K0 denote the restriction of the canonical line bundle around the cross section
s : B 7→ X0 to s. By the adjunction formula K|C = K0⊗NC and L = Ld⊗NC ,
the complex line bundle P is isomorphic to NC ⊗
√Ld ⊗K0|C . Therefore,
R·π∗(NC ⊗ P) = R·π∗(Nj+1C ⊗
√Ld|C ⊗K0).
Let N = R0π∗(N
∗) be the complex rank two bundle of ∂¯N−1 holomorphic
sections along C 7→ B. Then by the projection formula of P1 bundles (see exer-
cise 8.3, 8.4 on [Har] page 253 for the corresponding statment in the algebraic
category) the virtual vector bundle R·π∗(N
j+1
C ⊗
√Ld|C ⊗K0) can be identi-
fied with Sj−1(N∗)⊗√Ld|C ⊗K0 when j > 0. The resulting family switching
formula is consistent with the family blowup formula derived in [Liu3].
Next let us derive one simple corollary of the family switching formula. Let
us consider three different spinc structures which are related from one to another
by consecutive switching multiplicities. Let L, Lk1 = L+ 2k1PD(C),Lk1+k2 =
L+ 2(k1 + k2)PD(C) be the three fiberwise invariant spinc structures on X .
Then we can apply the family switching formula from L1 to L2, L2 to L3
and L1 to L3, respectively.
Let V1,2, V2,3 and V1,3 denote the relative virtual obstruction bundles con-
structed by the main theorem for the three different switching processes. Then
we have,
Corollary 1 The direct sum of the relative virtual obstruction bundles V1,2 ⊕
V2,3 is virtually isomorphic to V1,3 in K(B).
Proof of the corollary: To prove the corollary, one shows that the direct factors
in V1,3 are in one to one correspondence with the direct factors in the direct
sums V1,2 ⊕V2,3.
This can be achieved by showing that V2,3 is isomorphic to − ⊕k1<j≤k1+k2
R·π∗(N
j
C⊗P1,2) while P1,2 ≡
√L⊗K|C , P2,3 ≡
√Lk1 ⊗K|C , P1,3 ≡ √L⊗K|C .
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It is apparent that P1,2 = P1,3 and NiC⊗P2,3 = Ni+k1C ⊗P1,3. Thus R·π∗(NiC⊗
P2,3) = R·π∗(Ni+k1C ⊗ P1,3) and the equality on V1,3 follows easily. ✷
Proof of the main theorem:
By tubular neighborhood theorem, one may embed the disk bundle D(NC)
into X . Thus the fiber bundle X 7→ B can be separated by the lens space bundle
LB(n) = ∂D(NC) 7→ B into two connected components X −D(NC), D(NC).
Consider the fiberwise ’long neck’ Riemannian metrics on the fiber bundle
X 7→ B which has positive scalar curvature on the subset D(NC) ∼= D ⊂ X
(viewed as a neighborhood of C in X ). Let µ be a fiberwise self-dual two form
on X 7→ B vanishes on D(NC) ⊂ X .
Fix a fiberwise invariant spinc structure L along X 7→ B and denote the
corresponding positive spinc spinor bundle by S+L . The family Seiberg-Witten
moduli space of L is defined to be the set of all tuples of (A,Ψ, b) which satisfy
P+FA = q(Ψ,Ψ) + iµ(b),
DA(Ψ) = 0,
modulo the equivalence relationship of U(1) gauge transformations on (A,Ψ).
For the definition of the quadratic symbol q(·, ·) : S+L ⊗ S+L 7→ (Ω2Xb)+, please
consult page 55 of [Mor].
Let ΩiX/B, 0 ≤ i ≤ 2, denotes the vector bundles of smooth differential
i-forms of the fibers, then (Ω2X/B)+ denote the vector bundle of fiberwise self-
dual two forms. Let Γ(X/B,S±L ) denote the infinite dimensional vector bundles
over B of the fiberwise sections of positive (negative) spinc spinors in S+L (S−L ).
Let d and d∗ denote the fiberwise deRham operator and its adjoint and let
P˙+, q˙, µ˙, ˙c(·) denote the infinitesimal change of the operator P+, τ , the self-dual
two form µ and the Clifford multiplication c(·) under the infinitesimal change
of the fiberwise Riemannian metrics induced along a given direction ∈ TbB.
Given a Seiberg-Witten solution (A0,Ψ0) of a fiber above the point b ∈ B,
the infinitesimal deformation complex of the family Seiberg-Witten equations is
given by the following Fredholm operator
0 d∗ 0
P˙+dA0 − q˙(Ψ0,Ψ0)− iµ˙ P+d c(·) ·Ψ0
˙c(A0) ·Ψ0 −2τ(Ψ0, ·) DA0
TbB ⊕ Ω1X/B ⊕ Γ(X/B,S+L ) −→ Ω0X/B ⊕ (Ω2X/B)+ ⊕ Γ(X/B,S−L ).
The kernel of the above Fredholm operator is the Zariski tangent space of the
family moduli space MC at the equivalence class of (A,Ψ, b) and the cokernel
of the Fredholm operator is the obstruction space of the solution (A0,Ψ0, b).
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To determine the obstruction semi-bundle of ML, it is reduced to calculate
the H1 of the deformation complex over all the equivalence classes [A,Ψ, b] ∈
ML.
By our choice of the fiberwise long neck metrics on X 7→ B, the spinor Ψ of
any Seiberg-Witten solutions [A,Ψ, b] ∈ ML vanishes along the long neck and
the whole D(NC) ×B {b} ∼= D ×B {b} ⊂ X ×B {b}. On the other hand, the
connection A is anti-self-dual on D×B{b} ∼= D(NC)×B{b}, i.e. P+FA|D×B{b} ≡
0 and A is gauge equivalent to the trivial connection on the boundary ∂(D ×B
{b}). Such a connection is usually called a reducible connection.
The sketch of the gluing argument of the solutions of the Seiberg-Witten
equations (please consult [FS] page 226-227 for some details) allows us to con-
clude,
Lemma 1 Let MLp, p ∈ Z be the family Seiberg-Witten moduli space of the
spinc structure L+ 2pPD(C) over X 7→ B, with the chosen long neck fiberwise
Riemannian metric.
Then the restriction map (A,Ψ, b) 7→ (A|X×B{b}−D×B{b},Ψ|X×B{b}−D×B{b},b)
establishes an inclusion fromMLp to the family Seiberg-Witten moduli spaceM
of the spinc structure Lp|X−D on the fiber bundle X −D of four-manifolds with
long cylindrical ends.
A sketch of the argument: The argument of B = pt case (i.e. for a single four-
manifold M) for rational blowdowns has been sketched in [FS]. The discussion
for the general case is parallel. On the fiber bundle of four-manifolds with long
cylindrical ends D 7→ B there is a unique (up to gauge equivalences) fiberwise
anti-self-dual connection Ared of the line bundle Lp|D.
Given any solution (A,Ψ, b) ∈ MLp , the restriction A|D×B{b} to the fiber
D ×B {b} must be gauge equivalent to the restriction of the unique reducible
connection Ap,red ∈ A1(D,Lp) on the specific fiber D ×B {b}.
On the other hand starting from any solution ∈ M of the Seiberg-Witten
equations on the four-manifold with a long cylindrical end, X ×B {b}−D×B{b},
one may glue it with (Ap,red|D×B{b}, 0) to get an approximated solution on the
closed four-manifold X ×B {b}. By the general perturbation argument to get the
exact solution, the obstruction to get the exact solution ∈ MLp is determined
by a finite rank obstruction bundle over M. ✷
By lemma 1 we may view all theMLp , 1 ≤ p ≤ k as subspaces in the moduli
space M over the fiber bundle X − D with cylindrical ends. In the following,
M will serve as the ambient space.
The global S1 gauge transformations induces a tautological S1 bundle over
M and we denote by e. Let e 7→ M denote the complex line bundle e ×S1 C.
The circle bundle e and the line bundle e are universal in the sense that their
pull-back to the various MLp are the equal to the tautological bundles defined
over MLp .
Let DAp,red : S+Lp|D 7→ S−Lp|D denote the fiberwise Dirac operator induced by
the reducible connection Ap,red on Lp|D.
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It is not too hard to see by using the infinitesimal deformation complex of the
Seiberg-Witten equations and the gluing of Seiberg-Witten solutions that the
obstruction bundle defining MLp ⊂M is isomorphic to e⊗C Coker(DAp,red).
In the following, we would like to compare the vector bundles Coker(DAp,red) 7→
B and Coker(DAp−1,red) 7→ B.
In general, there is an equality
rankCCoker(DAp,red)−rankCCoker(DAp−1,red ) =
1
2
(dimRMLp−dimRMLp−1).
Proposition 1 Let s = dimRMLp − dimRMLp−1 < 0, then the equivalent
class [Coker(DAp,red)−Coker(DAp−1,red)] ∈ K(B) can be realized as a complex
rank −s vector bundle Vp 7→ B.
Let s = dimRMLp−dimRMLp−1 > 0, then the equivalent class [Coker(DAp−1,red)−
Coker(DAp,red)] can be realized as a complex rank s vector bundle Vp 7→ B
The proof of this proposition will be postponed to subsection 3.2 on 13 when
we identify Vp explicitly.
Based on the existences of such Vp and its dependence on the difference of
family Seiberg-Witten expected dimensions, we derive a schematic form of the
family switching formula in the next subsection.
3.1 The Comparison of Family Seiberg-Witten Moduli Space
Expected Dimensions and Family Switching Formula
Consider the k-tuple of integers
∫
C
(c1(L)+(2i−1)PD(C)) while i running from
i = 1 to i = k. If these numbers do not change signs at all, then one may
discuss directly. If it happens that the numbers change signs, there exists a
smallest critical 1 ≤ kcric ≤ k such that
∫
C
(
c1(L)+ (2kcric+1)PD(C)
) ∈ Z and
intCc1(L) ∈ Z are of different signs.
In such situation, we may split the original switching process into two cases
and prove the family switching formula from L to L + 2kcricPD(C) and then
from L+ 2kcricPD(C) to L+ 2kPD(C).
We start from the following lemma on the relative family Seiberg-Witten
moduli space dimensions,
Lemma 2 Suppose L + 2(p − 1)PD(C) and L + 2pPD(C) are two fiberwise
spinc structures of a fiber bundle X 7→ B of smooth four-manifolds. Then the
difference of their family Seiberg-Witten moduli space expected dimensions is
equal to
∫
C
(
c1(L) + (2p− 1)PD(C)
)
.
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Proof of the lemma: To simplify our notation, define L′ = L+ 2(p− 1)PD(C).
Then the two spinc structures are L′ and L′ + 2PD(C), respectively.
The difference of their family dimensions is given by
{
(
c1(L′) + 2PD(C)
)2 − 2χ− 3σ
4
+ dimRB}− {
(
c1(L′)
)2 − 2χ− 3σ
4
+ dimRB}
=
∫
C
4c1(L′) + 4PD(C)
4
=
∫
C
(
c1(L′) + PD(C)
)
=
∫
C
(
c1(L) + (2p− 1)PD(C)
)
.
The lemma is proved. ✷
If kcric exists such that
∫
C
(
c1(L) + (2i− 1)PD(C)
)
change signs, the lemma
implies that the family Seiberg-Witten moduli space expected dimensions of
L + 2iPD(C), 0 ≤ i ≤ kcric are monotonically decreasing (increasing), while
the family Seiberg-Witten moduli space expected dimensions of L + 2iPD(C),
kcric + 1 ≤ i ≤ k are monotonically increasing (decreasing).
Because the family Seiberg-Witten moduli spaces of all these spinc structures
defined with the positive scalar curvature long neck metrics are all isomorphic,
the monotonicity of the family dimensions implies that there is a real rank∣∣∫
C
(
c1(L)+(2p−1)PD(C)
)∣∣ relative obstruction bundle relating the “adjacant”
spinc structures L+ 2(p− 1)PD(C) and L+ 2(p)PD(C) for different p.
The proposition 1 implies that the difference virtual bundle of the obstruc-
tion bundles definingMLp−1 ,MLp inM can be realized as a rank
∣∣∫
C
(
c1(L)+(2p−1)PD(C)
)∣∣
2
complex vector bundle e×C Vp over M.
Given a complex vector bundle, the Euler class of the underlying real vector
bundle is equal to its top Chern class.
If
∫
C
(
c1(L) + (2p− 1)PD(C)
)
< 0, then [MLp ] ∈ H∗(M,Z) is homologous
to
ctop(e⊗C Vp) ∩ [MLp−1 ] =
(∑
i
c1(e)
i ∪ ctop−i(Vp)
) ∩ [MLp−1 ]
and we expect a family switching formula of the following form,
FSWB(η,L+ 2pPD(C)) =
∑
i≤rankCVp
FSWB(η ∪ ci(Vp),L+ 2(p− 1)PD(C)),
for η ∈ H∗(B,Z).
For
∫
C
(
c1(L) + (2p − 1)PD(C)
) ≥ 0, we expect a family switching formula
of the following form,
FSWB(η,L+ 2(p− 1)PD(C)) =
∑
i≤rankCVp
FSWB(η ∪ ci(Vp),L+ 2pPD(C)),
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or equivalently, if we choose η to be a multiple of the total Segre class of Vp
by η˜ ∈ H∗(B,Z), η = stotal(Vp) ∪ η˜, then we have
FSWB(η˜,L+ 2pPD(C)) =
∑
i≥0
FSWB(η˜ ∪ si(Vp),L+ 2(p− 1)PD(C)),
by using the relationship
ctotal(Vp) ∪ stotal(Vp) = 1 ∈ H0(B,Z).
We have the following proposition combining the switching formulae for the
adjacant spinc structures,
Proposition 2 Define the virtual bundle V17→k by
V17→k = ⊕p,∫
C
(c1(L)+(2p−1)PD(C))<0
Vp −⊕p,∫
C
(c1(L)+(2p−1)PD(C))>0
Vp.
(i). Then there is a family switching formula relating the pure (mixed) family
invariants of L+ 2kPD(C) and L,
FSWB(η,L+ 2kPD(C)) =
∑
i≤∞
FSWB(η ∪ ci(V17→k),L).
(ii). The virtual rank of V17→k is equal to half of the difference of the family
Seiberg-Witten moduli space expected dimensions,
∑
p≤k
∫
C
(c1(L) + (2p− 1)PD(C)) =
∫
C
(
k · c1(L) + k2PD(C)
)
.
Proof of the proposition:
(i). Suppose that the signs of
∫
C
(c1(L)+(2p−1)PD(C)) do not change when
the index p ∈ N runs from 1 to k. Then by induction we have
FSWB(η,L+ 2kPD(C)) = FSWB(η ∪ ctotal(Vk),L+ (2k − 2)PD(C))
= FSWB(η∪ctotal(Vk⊕Vk−1),L+2(k−2)PD(C)) = · · · = FSWB(η∪ctotal(V17→k),L),
by using the multiplicative property of the total Chern class under direct
sums;
or
FSWB(η,L+ 2kPD(C)) = FSWB(η ∪ stotal(Vk),L+ (2k − 2)PD(C))
= FSWB(η∪stotal(Vk⊕Vk−1),L+2(k−2)PD(C)) = · · · = FSWB(η∪stotal(−V17→k),L),
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depending on whether the initial value
∫
C
(c1(L) + PD(C)) is negative or
positive.
On the other hand, suppose that the signs of
∫
C
(c1(L) + (2p − 1)PD(C))
do change, a similar inductive calculation from Lk to Lkcric+1 and then from
Lkcric+1 shows that
FSWB(η,L+ 2kPD(C)) = FSWB(η ∪ ctotal(⊕p≥kcric+1Vp),L+ 2kcricPD(C))
= FSWB(η∪ctotal(⊕p≥kcric+1Vp)∪stotal(⊕p≤kcricVp),L) = FSWB(η∪ctotal(V17→k),L),
or
FSWB(η,L+ 2kPD(C)) = FSWB(η ∪ stotal(⊕p≥kcric+1Vp),L+ 2kcricPD(C))
= FSWB(η∪stotal(⊕p≥kcric+1Vp)∪ctotal(⊕p≤kcricVp),L) = FSWB(η∪ctotal(V17→k),L),
depending on the sign of
∫
C
(
c1(L) + PD(C)
)
.
In the discussion, we have used the product formula of the total Chern classes
ctotal(U1 ⊕U2) = ctotal(U1) ∪ ctotal(U2),
and the relationship between the total Segre and the total Chern classes of
the virtual vector bundles,
stotal(U) = ctotal(−U).
(ii). The formula on the virtual rank of V17→k is verified by a direct calcu-
lation and by a usage of the simple formula
∑
p≤k
2p−1
2 = k
2.
This ends the proof of proposition 2. ✷
In the following subsection, we prove proposition 1 and identify Vp with the
index bundle of the fiberwise ∂¯ operator over C 7→ B.
3.2 The Identification of The Bundle Vp
Consider the fiber bundle of four-manifolds with cylindrical ends D ∼= D(NC) 7→
B and the anti-self-dual connection Ap,red of Lp|D. The obstruction bundle
defining MLp ⊂M is e⊗C Coker(DAp,red).
To relate the differential geometrical calculation about the family index
IND(DAp,red) to some algebraic geometric datum on C, one considers the n-th
Hirzebruch surface fiber bundle over B constructed from C canonically.
Recall that Fn, the n-th Hirzebruch surface, is the rational ruled algebraic
surface which has a P1 bundle structure over P1 with two disjoint cross sections
with self-intersection numbers n and −n respectively. For all n ∈ N ∪ {0} the
surface Fn can be constructed as toric varieties. To construct the Fn bundle
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over B, we consider the projective space bundle over C, P(NC ⊕ C) 7→ C.
Moreover, the fiber bundle X 7→ B can be viewed as the familywise fiber sum
between C ⊂ X 7→ B and C ∼= P(NC) ⊂ Fn ≡ P(NC ⊕ C) identified along
C. The embedded P1 bundle C ⊂ X is the relative −n curve over B, while
C ∼= P(NC) ⊂ P(NC ⊕ C) is the relative (self-intersection number=) n curve
over B.
Let D(NC) denote the unit disk bundle of the normal bundle NC , containing
a P1 sub-fiber bundle of self-intersection number −n. Then D(NC) can be
viewed as the unit disk bundle of NC , D(N
∗
C), containing a P
1 sub-fiber bundle
with self-intersection number n. Then the n-th Hirzebruch surface fiber bundle
P(NC ⊕C) can be decomposed as the union of the D(NC) and D(NC) gluing
along their common boundary L(n) = ∂(D(NC)) and L(n) = ∂(D(NC)).
Putting in a cylindrical end ∼= LB(n) × (−r, r) (and let r 7→ ∞) between
D(NC) andD(NC) by streching the fiberwise Riemannian metrics of P(NC⊕C),
the fiberwise Riemannian metrics defined on Fn 7→ B forms a long neck between
these two P1 fiber bundles. For simplicity let us denote the P1 fiber bundles
with the self-intersection number = n (= −n) by attaching the subscript ±, C+
and C−, respectively.
By using the positive scalar curvature Riemmanian metrics on the lens space
fiber bundle LB(n) 7→ B, it is well known that the solutions of the Seiberg-
Witten equations must decay exponentially and asymptotic to the reducible
solutions along the long neck [FS].
Up to the tensor factor e, the obstruction bundle ofMLp ⊂M is completely
determined by Ap,red and it only depends on D instead of the whole X . Thus
one may glue D into Fn 7→ B instead or equivalently, replace the long-necked
fiber bundle X 7→ B by the long necked fiber bundle Fn 7→ B.
One extend Lp|D, p ∈ Z simutaneously into fiberwise spinc structures Lˆp on
Fn 7→ B such that they all match on Fn −D.
Proof of proposition 1:
Let
Dp : Γ(Fn/B,S+Lˆp) 7→ Γ(Fn/B,S
−
Lˆp
)
and
Dp−1 : Γ(Fn/B,S+Lˆp−1) 7→ Γ(Fn/B,S
−
Lˆp−1
)
be some fiberwise Dirac operators on Fn 7→ B of the fiberwise spinc struc-
tures Lˆp, and Lˆp−1. By the excision property of the family index of Dirac opera-
tors and the homotopy equivalence of the index bundles under changes of connec-
tions, it suffices to show that when dimRMLp−dimRMLp−1 < 0 (¿0), the class
of the virtual bundle [IND(Dp−1)− IND(Dp)] ([IND(Dp)− IND(Dp−1)]) in
K(B) be realized as a complex vector bundle of rank 12 |dimRMLp−dimRMLp−1|.
Apparently if we change the fiberwise Riemannian metrics of the fiber bundle
Fn 7→ B and the connections on the spinor bundles, it does not affect the above
class of virtual family index bundles. Thus, we are free to replace the original
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fiberwise long necked Riemannian metrics on Fn 7→ B to the fiberwise Kahler
metrics on Fn 7→ B as Fn is an algebraic surface. Thus, the family Dirac
operator Dp or Dp−1 can be identified with the ∂¯ + ∂¯
∗ operator.
Let us review briefly about the cohomology ring structure of a Hirzebruch
surface Fn. The Hirzebruch surface Fn 7→ P1 is a rational ruled surface with
two cross sections C+ and C−. Let F denote the divisor class generated by
the fibers P1. The middle cohomology of Fn, H
2(Fn,Z) is generated by two
classes, [C−] with [C−]
2 = −n, and [F ], with[F ]2 = 0. The class [C+] is related
to [C−] by [C+] = [C−] +n[F ]. The cone of the effective classes in H
2(Fn,Z) is
generated by the primitive generators of the extremal rays, [F ] and [C−].
The holomorphic sections vanishing at F,C+, C− define holomorphic line
bundles on Fn, denoted by EF ,EC+ and EC− . Then c1(EF ) = [F ], c1(EC+) =
[C+] and c1(EC−) = [C−], respectively.
Lemma 3 The first Chern class of the canonical line bundle KFn is equal to
−2[F ]− [C+]− [C−] = −(n+ 2)[F ]− 2[C−].
Proof of the lemma: This follows from the canonical divisor formula of any toric
surface (see page 85 section 4.3. of [F2]),
KFn = E
−2
F ⊗E−1C+ ⊗E−1C− .
✷
Given a spinc determinant line bundle Lˆ on Fn, there is a unique connection
(up to gauge equivalence) which gives Lˆ a structure of holomorphic line bundle.
Moreover the spinor bundles S+
Lˆ
∼= (∧0,0 Fn ⊕ ∧0,2 Fn) ⊗
√
Lˆ ⊗KFn , S−Lˆ ∼=∧0,1 Fn ⊗
√
Lˆ ⊗KFn and the spinc Dirac operator can be identified with the
twisted ∂¯ + ∂¯∗ operator by the complex line bundle
√
Lˆ ⊗KFn (see [Law] page
395-400).
In our case, suppose that deg(L|C) = a, a ≡ n(mod2), then the extension Lˆ
over Fn 7→ B can be identified as EaF ⊗ EbC+ ⊗ L0 for some yet to be chosen
even b ∈ 2Z and a complex line bundle pull-back from the base B, L0. We have
made use of the fact [C+] ∪ [C−] = 0.
Accordingly the complex line bundle
√
Lˆ ⊗KFn can be re-expressed as
E
a+n
2 −1
F ⊗E
b
2−1
C+
⊗√L0.
By the projection formula, the index bundle of the E
a+n
2 −1
F ⊗ E
b
2−1
C+
⊗√L0
twisted ∂¯+∂¯∗ operator can be thought as the index bundle of the E
a+n
2 +1
F ⊗E
b
2−1
C+
twisted ∂¯ + ∂¯∗ operator tensoring with
√L0.
The following lemma implies that for a suitable choice of b ∈ N, the kernel
of the ∂¯ + ∂¯∗ operator vanishes.
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Lemma 4 Let Fn be the Hirzebruch surface with a toric Kahler metric. Then
for all a ∈ Z, a+n ∈ 2Z, there exists at least one b ∈ 2Z such that the E
a+n
2 −1
F ⊗
E
b
2−1
C+
twisted ∂¯ + ∂¯∗ operator
∂¯ + ∂¯∗ : (Ω0,0 ⊕ Ω0,2)⊗E
a+n
2 −1
F ⊗E
b
2−1
C+
7→ Ω0,1 ⊗E
a+n
2 −1
F ⊗E
b
2−1
C+
has a trivial kernel.
Proof of the lemma: Given the toric Kahler metric on Fn and the holomorphic
structure defined by bar∂ with ∂¯2 = 0, the kernel of the twisted ∂¯+ ∂¯∗ operator
can be identified with
H0∂¯(Fn,E
a−n
2 −1
F ⊗E
b
2−1
C+
)⊕H2∂¯(Fn,E
a−n
2 −1
F ⊗E
b
2−1
C+
).
It suffices to find b ∈ 2Z such that both ∂¯ cohomologies vanish. It is well
known that the zero-th and the second ∂¯ cohomologies of the holomorphic line
bundle E
a−n
2 −1
F ⊗E
b
2−1
C+
are isomorphic to the sheaf cohomologyH0(Fn,OFn((a−n+bn2 −
1)F +( b2 − 1)C−)) and H2(Fn,OFn((a−n+bn2 − 1)F +( b2 − 1)C−)), respectively.
The second sheaf cohomology is isomorphic to H0(Fn,OFn((−a−n+bn2 −
1)F + (− b2 − 1)C−), by Serre duality on algebraic surfaces and lemma 3.
We make the following choice on b. If a−n2 −1 is negative, we simply set b = 0.
If a−n2 − 1 ≥ 0, we choose a non-positive even b such that 0 ≤ a+n+bn2 − 1 < n.
Because F and C− generate the cone of effective divisors on Fn, the dimen-
sion h0(Fn,OFn(AF + BC−)) is nonzero only when both A and B are non-
negative. It is easy to see that our choices of b make both E
a−n+bn
2 −1
F ⊗ E
b
2−1
C−
and E
− a−n+bn2 −1
F ⊗ E
− b2−1
C−
non-effective. Thus, the lemma is proved. ✷
By using lemma 4 to choose the appropriate b ∈ 2Z, the sheaf of sections of
the cokernel bundle Coker(∂¯ + ∂¯∗) can be identified with the first right derived
image sheaf of the sheaf of smooth sections OFn((a−n+bn2 + 1)F + ( b2 − 1)C−)
holomorphic along the fibers of Fn 7→ B.
We apply lemma 4 to Lp and identify C with the relative curve C− 7→ B in
Fn 7→ B. Consider the following sheaf short exact sequence,
0 7→ OFn((
a− n+ bn
2
−1)F+( b
2
−2)C−) 7→ OFn((
a− n+ bn
2
−1)F+( b
2
−1)C−) 7→ OC−((
a− n+ bn
2
−1)F+( b
2
−1)C−) 7→ 0.
Taking the right derived image long exact sequence on the short exact se-
quence and we find that if
∫
C
(c1(L)+2pPD(C)+c1(K|C)) =
∫
C
(c1(L)+(2p−1)PD(C))−2 = a+n−2 < 0
then one has the following sheaf short exact sequence,
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0 7→ R1π∗
(OFn((a− n+ bn2 −1)F+(
b
2
−2)C−)
) 7→ R1π∗(OFn((a− n+ bn2 −1)F+(
b
2
−1)C−)
)
7→ R1π∗
(OC−((a− n+ bn2 − 1)F + (
b
2
− 1)C−)
) 7→ 0.
We have used the vanishing of R0π∗
(OC−((a−n+bn2 − 1)F + ( b2 − 1)C−)
)
for a negative degree invertible sheaf OC−((a−n+bn2 + 1)F + ( b2 − 1)C−) onC−.
This implies that the difference
[R1π∗
(OFn((a− n+ bn2 −1)F+(
b
2
−1)C−)
)−R1π∗(OFn((a− n+ bn2 −1)F+(
b
2
−2)C−)
)
]
is equivalent to the locally free R1π∗
(OC−((a−n+bn2 − 1)F + ( b2 − 1)C−)
)
.
We denote the vector bundle associated with the locally free sheaf as Vp.
Suppose that
∫
C
(c1(L)+2pPD(C)+c1(K|C)) =
∫
C
(c1(L)+(2p−1)PD(C))−2 = a+n−2 ≥ 0,
there is another sheaf short exact sequence,
0 7→ R0π∗
(OC−((a− n+ bn2 −1)F+(
b
2
−1)C−)
) 7→ R1π∗(OFn((a− n+ bn2 −1)F+(
b
2
−2)C−)
)
7→ R1π∗
(OFn((a− n+ bn2 − 1)F + (
b
2
− 1)C−)
) 7→ 0.
It implies that
[R1π∗
(OFn((a− n+ bn2 −1)F+(
b
2
−2)C−)
)−R1π∗(OFn((a− n+ bn2 −1)F+(
b
2
−1)C−)
)
]
is equivalent to the locally free R0π∗
(OC−((a−n+bn2 − 1)F + ( b2 − 1)C−)
)
.
In this case, we denote Vp as the vector bundle associated with the locally
free sheaf.
This ends the proof of proposition 1. ✷
Proposition 3 The bundle Vp is isomorphic to R
1π∗
(√
(L ⊗K)|C ⊗ NpC
)
if∫
C
(c1(L) + (2p− 1)PD(C)) < 0. If
∫
C
(c1(L) + (2p− 1)PD(C)) > 0, then Vp is
isomorphic to R0π∗
(√
(L ⊗K)|C ⊗NpC
)
.
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Proof of proposition 3: Based on the identification at the end of the proof of
proposition 1, our task is to identify OC−((a−n+bn2 − 1)F +( b2 − 1)C−) with the
sheaf of smooth sections of
√
(L⊗K)|C ⊗NpC holomorphic along the fibers of
C− 7→ B.
We notice that the line bundle Lp|C over the curve C 7→ B can be identified
with (Ea+bnF ⊗ EbC−)|C− on the relative divisor C− 7→ B inside the relative
Hirzebruch surface Fn 7→ B for an arbitrary b ∈ 2Z.
On the other hand, the restriction of the canonical line bundle, K|C , can be
identified with
N∗C ⊗T∗C = E−1C− ⊗ E−2F |C− = En−2F |C− .
Thus
√Lp|C ⊗KC can be identified with √L0|C− ⊗ (E
a+n+bn
2 −1
F ⊗E
b
2
C−
)|C− .
By using EnF |C− ∼= E−1C− |C− , the above line bundle is isomorphic to
√L0|C−⊗
(E
a−n+bn
2 −1
F ⊗E
b
2−1
C−
)|C− .
Up to the factor
√L0|C− pulled back from the base B, the sheaf of smooth
sections of the line bundle (E
a−n+bn
2 −1
F ⊗E
b
2−1
C−
)|C− holomorphic along C− 7→ B
is equal to OC−((a−n+bn2 − 1)F + ( b2 − 1)C−).
On the other hand, we have (Lp ⊗ L−1)|C ≡ N2pC . So
√(Lp ⊗K)|C is
isomorphic to
√(L⊗K)|C ⊗NpC .
Thus, we may identify OC−((a−n+bn2 − 1)F + ( b2 − 1)C−) as the sheaf of
sections of
√(L ⊗K)|C ⊗NpC. This ends the proof of the proposition. ✷
Corollary 2 Let L|C be of degree a over the P1 bundle C. Suppose that the P1
fiber bundle C 7→ B is the projectification of a complex rank two vector bundle
U 7→ B, i.e. C ∼= PB(U), then the relative obstruction virtual bundle V17→k of
the family switching formula can be identified with
⊕∫
C
(c1(L)+(2p−1)PD(C))>0
S
a+n
2 −pn−1(U)⊗
√
L0|C⊖∫
C
(c1(L)+(2p−1)PD(C))<0
S−
a+n
2 +pn−1(U∗)⊗
√
L0|C ,
where L0|C is a complex line bundle pulled-back from the base B.
Proof: The corollary is a consequence of proposition 2, proposition 3 and the
projection formula of the PB(U). When
∫
C(c1(L) + (2p − 1)PD(C)) > 0, it
suffices to prove that
R0π∗
(√L ⊗K|C ⊗NpC) ∼= S a+n2 −pn−1(U)⊗
√
L0,
and when
∫
C
(c1(L) + (2p− 1)PD(C)) < 0, then
R1π∗
(√L⊗K|C ⊗NpC) ∼= S−a+n2 +pn−1(U∗)⊗
√
L0.
These identities follow from the projection formula (consult [Har], page 253,
exercise 8.4.(a), (c) for the formula in the algebraic category) of the P1 bundle
PB(U). ✷
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By combining the discussions in subsection 3.1, 3.2, we have derived the
family switching formula of family Seiberg-Witten invariants in the topological
category.
3.3 A Brief Remark About the Family Switching Formula
and Gromov-Taubes theory
At the end of the section, we point out the hidden relationship between the
obstruction virtual bundle V17→k and the Gromov-Taubes theory. We restrict
to the special case degC/BP = degC/B
√L⊗K|C < 0.
Proposition 4 Let π : C 7→ B denote the projection map (or its restriction to
certain subsets) of the P1 fiber bundle which admits a cross section sC : B 7→ C.
Let k be a positive integer and let q = degC/BP < 0, then there exists a smooth
complex line bundle Q on C pulled back from B such that the obstruction virtual
bundle V17→k can be alternatively represented in the K group K(B) as
∑
k≥i≥1
(
R1π∗(N
i
C) + S
−q−1(C⊕N−1sC )⊗NiC|sC(B))⊗
)⊗Q.
The symbol NsC denotes the normal bundle of the cross section sC ⊂ C.
Proof: Define ∆ = −q · sC to be the non-reduced relative divisor in the relative
P1 bundle. Then there is a short exact sequence relativizing the 0 7→ I∆×B{b} 7→
OC×B{b} 7→ O∆×B{b} 7→ 0.
0 7→ OC(−∆) 7→ OC 7→ O∆ 7→ 0.
Because degC/BOC(−∆) = q as well, the sheaf of fiberwise ∂¯-holomorphic
sections of P =√L ⊗C K|C is equivalent to OC(−∆)⊗Q for some C∞ complex
line bundle pulled back from B.
By tensoring the short exact sequence with NiC ⊗Q, 1 ≤ i ≤ k, and then
push forward along π : C 7→ B, the equality of the K group is a consequence of
the equality
R0π∗
(O−q·sC) = ⊕0≤i≤−q−1N−isC = S−q−1(OB ⊕N−1sC )
for the normal sheaf NsC . ✷
Up to the factor Q which depends on L, the direct sum
∑
k≥i≥1
R1π∗(N
i
C)
only depends on k and the local data on C 7→ B. At the end of the subsection,
we make a few remark about its implicit link with Gromov-Taubes theory of
pseudo-holomorphic curves.
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(i). The first term R1π∗(NC) is nothing but the obstruction vector bundle of
C 7→ B embedded as a pseudo-holomorphic relative curve in a tubular neigh-
borhood inside X 7→ B.
In fact, for all b ∈ B, the P1, C ×B {b} can be viewed as an exceptional
curve with self-intersection number = −n. Then its obstruction vector space
H1(C×B{b},NC|C×B{b}) in Gromov theory is nothing but the fiber ofR1π∗(NC)
at b ∈ B.
(ii). Assuming X 7→ B to be symplectic and FSWB(1,Lk) 6= 0, Taubes’ hard
analysis on SW− > Gr [T1] implies the existence of pseudo-holomorphic curves
dual to c1(
√Lk ⊗KX/B).
When k > 1, the multiple terms R1π∗(N
i
C), 1 ≤ i ≤ k reflect that in
enumerating the family Seiberg-Witten invariant of Lk = L + 2kPD(C), a k-
multiple covering of C contributes to the family invariant.
On the other hand, in Taubes’ gluing argument “Gr-¿SW” from two dimen-
sional vortices to solutions of Seiberg-Witten equations (see item 5. on page
241 of [T2]), the index bundle of ∆b (N = NC |C×B{b}, C = C ×B {b}),
∆b : ⊕1≤i≤kN i 7→ (⊕1≤i≤kN i ⊗T0,1C
with ∆b(·) = ∂¯(·)+ . . . equal to ∂¯ up to a zeroth order term, can be identified
(up to a homotopy of first order elliptic operators) with our ⊕1≤i≤kR1π∗(NiC).
This establishes an implicit link between two different gluing problems.
(iii). Even though in Gromov-Taubes theory Taubes did develop a concept
of multiple coverings of exceptional curves. But it differs significantly from the
usual Ruan-Tian theory [RT]. Suppose that C ⊂M is a −n exceptional rational
curve in a symplectic four-manifold and let NC denote the complex normal
bundle C ⊂ M . Then the obstruction vector space at [gk] for a k-multiple
covering pseudo-holomorphic map gk : P
1 7→ C is H1(P1, g∗kNC) ∼= H1(C,NkC).
This corresponds to the i = k term of the bundle oplus1≤i≤kR
1π∗(N
i
C).
In Taubes’ setting, a k-fold multiple covering of an exceptional curvs is better
understood as a zero locus defined by k-fold multiple of the zero locus defin-
ing C ⊂ M , through the limiting process of large deformations of symplectic
forms [T1], [T2], [T3] and the identification of zero loci of Dirac spinors with
pseudo-holomorphic curves. In the algebraic category, this can be thought as
putting a non-reduced scheme structure on the corresponding algebraic curve.
On the other hand, in the usual Gromov-Witten theory a k-fold covering of an
exceptional curve is viewed as a map which factors through the k-fold covering
of P1 7→ P1.
The reader should be aware of the difference between these two theories and
the corresponding differences on their dimension formulae.
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4 The Algebraic Proof of the Family Switching
Formula
In section 3, we derived the family switching formula in the topological category.
In this section, we derive the family switching formula of the algebraic family
invariants AFSW . In the topological category, we have to assume that C 7→ B
is a smooth P1 bundle over B. In general, the family invariants in the smooth
category are difficult to determine directly. The usage of fiberwise long neck
metrics allow us to study how do the invariants change under switching of
fiberwise spinc structures. On the other hand, the algebraic family Seiberg-
Witten invariants can be read off from the topological datum of the algebraic
Kuranishi models. This fact has two consequences, (1). One may derive the
family switching formula based on the algebraic family Kuranishi models. (2).
One may weaken the smoothness assumption on the relative curve C 7→ B.
Let us begin by introducing our setup, and point out the difference from the
case of smooth topology.
Let π : X 7→ B be an algebraic fiber bundle over a smooth algebraic base B
such that the fibers are smooth algebraic surfaces.
Let C be an (1, 1) class of the total space X which restricts to the fiberwise
(1, 1) class on the fibers. Let C ⊂ X be a relative curve over B satisfying the
following conditions:
(A). The generic fibers of C 7→ B are smooth rational curves P1.
(B). The fiberwise self-intersection number π∗(C · C) ∈ Atop(B) is negative,
= −n, n ∈ N.
Recall the concept of formal excess base dimension, febd(C,X/B), which
is an algebraic numerical invariant assoicated to the class C and the family
X 7→ B, giving the formal base dimension to be thickened.
For the two different (1, 1) classesC and C+kPD(C), k ∈ Z, their febd(C,X/B)
may not be the same.
By switching the roles of C and C + kPD(C), we may assume that k > 0.
We have the following proposition bounding febd(C,X/B),
Proposition 5 Given two fiberwise (1, 1) classes C and C+kPD(C) with k > 0,
we always have
febd(C,X/B) ≤ febd(C + kPD(C),X/B)
Proof of the proposition: As in [Liu3], denote TB(X ) to be the relative Pic0
variety of π : X 7→ B. Let EC denote the locally free sheaf over X ×B TB(X )
whose first Chern class is equal to the image of C ∈ H2(X ,Z) under
H2(X ,Z) 7→ H2(X ×B TB(X ),Z).
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Then the coherent sheaf R0π∗
(EC) determines an algebraic cone over TB(X )
and the projectified cone, denoted byMC , is the algebraic family moduli space
associated to C.
Let DC be the universal effective curve overMC poincare dual to C.
Then we have the following short exact sequence,
0 7→ OX×BMC (DC) 7→ OX×BMC (DC + kC) 7→ OkC×BMC (DC + kC) 7→ 0.
Push forward along πMC : X ×B MC 7→ MC , and we have the following
commutative diagram,
R2(πMC )∗OX×BMC −→ R2(πMC )∗OX×BMC (DC)y
y
R2(πMC )∗OX×BMC −→ R2(πMC )∗OX×BMC (DC + kC)y
0
Recall that febd(C,X/B) is the rank of the maximal trivial invertible sub-
sheaf of R2(πMC )∗OX×BMC annihilated by the sheaf morphism
R2(πMC )∗OX×BMC −→ R2(πMC )∗OX×BMC (DC),
it is obvious from the commutative diagram that febd(C,X/B) ≤ febd(C+
kPD(C),X/B). ✷
Remark 2 From the surjective morphism
R2(πMC )∗OX×BMC (DC) 7→ R2(πMC )∗OX×BMC (DC + kC) 7→ 0,
it is apparent that the support of the former coherent sheaf contains the
support of the latter coherent sheaf as a subset.
Let us state and prove the main theorem of this section,
Recall the definitions as in [Liu3] that the fiber bundle π : X 7→ B to be
one-relatively good if there exists an effective relatively ample D ⊂ X 7→ B such
that D 7→ B is of relative dimension one. The fiber bundle π : X 7→ B is said to
be two-relatively good if there exists effective relative ample D1, D2 7→ B such
that (i). D1 7→ B is of relative dimension one. (ii). D1 ∩D2 7→ B is of relative
dimension zero over B. The purpose of introducing such condition is to ensure
the existence of algebraic family Kuranishi models.
Theorem 3 Let π : X 7→ B be an algebraic fiber bundle of algebraic surfaces
over a proper and smooth algebraic manifold B. Let C be a (1, 1) class of X
which restricts to (1, 1) classes of the fibers.
Let C ⊂ X be a relative curve over B which satisfies condition (A) and (B)
on page 21.
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Suppose the following conditions hold for C, C + kC, k ∈ N and X 7→ B,
AF (i).
C·C−c1(KX/B)·C
2 + dimCB + febd(C,X/B) ≥ 0.
AF (ii).
(C+kPD(C))·(C+kPD(C))−c1(KX/B)·(C+kPD(C))
2 +dimCB+febd(C+kPD(C),X/B) ≥
0.
AF (iii). If the fiber geometric genus pg > 0, the formal excess dimensions of C
and C+kPD(C) are equal. Namely, febd(C,X/B) = febd(C+kPD(C),X/B).
If pg = 0, the supports of the coherent sheaves R2π∗
(EC), R2π∗(EC+kPD(C))
coincide.
AF (iv). Suppose febd(C,X/B) is equal to the maximum value, the geometric
genus of the fibers π−1(b), b ∈ B, then the fiber bundle π : X 7→ B is one-
relatively good.
Otherwise, when febd(C,X/B) < pg(π−1(b)), b ∈ B, the fiber bundle π :
X 7→ B is required to be two-relatively good.
Under these assumptions AF (i).−AF (iv)., the pure algebraic family invari-
ants of C + kPD(C) and the mixed family invariant of C are related by the
following formula,
AFSWX 7→B(1, C + kPD(C)) =
∑
0≤i<∞
AFSWX 7→B(ci(V17→k), C),
where the relative obstruction virtual sheaf V17→k can be identified with the
virtual sheaf
R1π∗OkC(DC + kC)−R0π∗OkC(DC + kC).
Proof: As in [Liu3], we consider EC to be the locally free sheaf over XB×BTB(X )
(under the convention that TB(X ) = B if q(π−1(b)) = 0, q ∈ B) with first
Chern class equal to the image of C ∈ H2(X ,Z) under H2(X ,Z) 7→ H2(X ×B
TB(X ),Z). Suppose that R0π∗
(EC) is the zero sheaf over TC(X ), then C is
not represented as an effective curve within the algebraic family X 7→ B. If
R0π∗
(EC+kPD(C)) is the zero sheaf as well, then it is easy to see that the alge-
braic mixed invariants FASWX 7→B(η, C) = 0, FASWX 7→B(η, C + kPD(C)) =
0, for all η ∈ A·(B). Under this assumption, the family switching formula be-
comes a trivial identity. Thus, one may assume R0π∗
(EC+kPD(C)) is non-trivial.
In the following we assume MC+kPD(C), the projectified cone formed by
R0π∗
(EC+kPD(C)) to be non-empty. According to the discussion in [Liu3], one
may separate into three cases,
(i). Either pg(π
−1(b)) = 0, b ∈ B and R2(π)∗
(EC+kPD(C)) supports over a
Zariski closed Z ⊂ TB(X ), Z 6= ∅. Then there exists an algebraic family Kur-
nanishi model of C + kPD(C) over the Zariski open set U = Zc, (V ,W ,ΦVW),
V , W locally free over U ,
ΦVW : V 7→ W ,
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a sheaf morphism with
Ker(ΦVW) ∼= R0(π)∗
(EC+kPD(C))|U and Coker(ΦVW) ∼= R1(π)∗(EC+kPD(C))|U .
(ii). Or pg(π
−1(b)) ≥ 0, b ∈ B and R2(π)∗
(EC+kPD(C)) vanishes. Then
there exists an algebraic family Kuranshi model (V ,W ,ΦVW) over TB(X ), V ,
W locally free and the sheaf morphism ΦVW : V 7→ W .
(iii). Or pg(π
−1(b)) > 0, b ∈ B, and the coherent sheaf R2(π)∗
(EC+kPD(C))
is non-vanishing. In such situation, there exists an algebraic family Kuranishi
model (V ,W ,ΦVW), with algebraic locally free V ,W over TB(X ). The locally
free W is constructed by a pair of locally free V˜ , W˜ .
For the details, please consult [Liu3] section 3.
Proposition 6 Let C be a (1, 1) class of π : X 7→ B which restricts to fiberwise
(1, 1) class. In the case (i) above, let U ⊂ TB(X ) be the Zariski open set which
is the complement of the support of R2π∗
(EC). Otherwise, take U = TB(X ).
Then the pure algebraic family Seiberg-Witten invariant AFSWX 7→B(1, C) is
equal to cdimCB+q(W − V) ∈ A0(U). Likewise, the mixed family invariant
AFSWX 7→B(η, C), ηinA∗(B) can be identified with η ∩ cdimCB+q−deg(η)(W −
V) ∈ A0(U).
Proof: As in [Liu3], we follow the convention that the bold characters V,W
denote the algebraic vector bundle associated with the locally free sheaves V ,
W , etc. Recall that the family invariant FASWX 7→B(1, C) is defined to be
c
∩
C2−C·c1(KX/B )
2 +dimCB+pg
1 (H) ∩ crankCW(H⊗ π∗PU (V)W) ∈ A0(PU (V))
in both the (i) and (ii) cases, with U = Zc, Z = supp(R2(π)∗
(EC+kPD(C))),
pg = pg(π
−1(b)) = 0, b ∈ B in the case (i), U = TB(X ) in the case (ii).
In case (iii), the algebraic family Seiberg-Witten invariant is defined to be
FASWX/B(1, C) = c∩
C2−C·c1(KX/B )
2 +dimCB+febd(C,X/B)
1 (H)∩crankCW(H⊗π∗PTB (X)(V)W) ∈ A0(PTB(X )(V)).
In this case, we may take U = TB(X ).
Recall from [F] page 71 chap. 4 that for a cone CX over a scheme X ,
q : P(CX ⊕ 1) 7→ X denotes the projection map, then the Segre class of CX is
defined by q∗(
∑
i≥0 c1(O(1))i ∩P(CX ⊕ 1)) ∈ A∗(X).
Applying to our situation, we take CX to be the vector bundle cone formed
by V and take q = πPU (V) : PTB(X )(V) 7→ U . We also have c1(O(1)) = c1(H).
By using the top Chern class identity
ctop(H⊗ q∗W) =
∑
j≥0
c1(H)
j ∩ crankCW−j(q∗W)
24
Then in case (i) and (ii), we have AFSWX/B(1, C) =
q∗
(
c1(H)
C2−C·c1(KX/B )
2 +dimCB+pg ∩ crankCW(H⊗ q∗W) ∩ [PU (V)]
) ∈ A0(U)
=
∑
j≥0
q∗
(
c1(H)
C2−C·c1(KX/B )
2 +dimCB+pg ∩ c1(H)j ∩ crankCW(q∗W) ∩ [PU (V)]
)
=
∑
k≥
C2−C·c1(KX/B )
2 +dimCB+pg
q∗
(
c1(H)
k∩[PU (V)]
)∩c
rankCW+
C2−C·c1(KX/B )
2 +dimCB+pg−k
(W)
=
∑
l≥
C2−C·c1(KX/B)
2 +dimCB+pg−rankCV+1
sl(V)∩c
rankCW+
C2−C·c1(KX/B )
2 +dimCB+pg−l−rankCV+1
(W).
By using the identity
C2 − C · c1(KX/B)
2
+ pg − q + 1 = rankCV − rankCW,
we may simplify the above summation into
∑
l≥dimCB+q−rankCW
sl(V)∩cdimCB+q−l(W) =
∑
m≤rankCW
sdimCB+q−m(V)cm(W)
= cdimCB+q(W −V) = cdimCB+q(W −V) ∈ A0(U).
Likewise, the enumeration of the mixed invariant AFSWX 7→B(η, C) is al-
most identical. The insertion of η effectively drops dimCB to dimCB − deg(η)
and the answer becomes η ∩ cdimCB+q−deg(η)(W −V) ∈ A0(U).
This finishes the proof of the (i). and (ii). cases.
For (iii)., the calculation of the pure invariant or the η inserted mixed in-
variant is almost identical. The major difference is that we replace pg by the
formal excess base dimension febd(C,X/B) and we use the identity
C2 − C · c1(KX/B)
2
+ febd(C,X/B)− q + 1 = rankCV − rankCW
in reducing the intersection number. ✷
Consider the invertible sheaves EC , EC+kPD(C) with first Chern class C,
C + kPD(C). By tensoring EC+kPD(C) to the short exact sequence
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0 7→ OX×BTB(X )(−kC) 7→ OX×BTB(X ) 7→ OkC×BTB(X ) 7→ 0,
one gets the following short exact sequence
0 7→ EC 7→ EC+kPD(C) 7→ OkC×BTB(X ) ⊗ EC+kPD(C) 7→ 0.
By taking the direc images along π : X ×B TB(X ) 7→ TB(X ), one gets the
following identities in the K0 group of coherent sheaves on TB(X ),
[π∗
(EC+kPD(C))] = [π∗(EC)] + [π∗(OkC×BTB(X ) ⊗ EC+kPD(C))],
where π∗
(EC) denotes
∑
0≤i≤2
(−1)iRiπ∗
(EC),
etc.
Proposition 7 Let C be a fiberwise monodromy invariant (1, 1) class of X 7→ B
and let (V ,W ,ΦVW) be an algebraic family Kuranishi model of MC over a
Zariski open set U ⊂ TB(X ), then there exists an equality in the K group of
coherent sheaves on U when pg = 0 or R2π∗
(EC) = 0,
[V −W ] = [π∗
(EC)|U ].
There exists an equality in the reduced K group of coherent sheaves on U
when pg > 0 and R2π∗
(EC) 6= 0,
[V −W ] = [π∗
(EC)|U ]− [R2π∗(OX×BTB(X ))|U ].
Proof of the proposition: We discuss the (i)., (ii). cases first. Recall that the
open set U ⊂ TB(X ) is defined to be the complement of the support of the
coherent sheaf R2π∗
(EC), then π∗(EC) is reduced to
R0π∗
(EC)−R1π∗(EC).
On the other hand, for both (i). and (ii)., we have
− 0 7→ R0π∗
(EC)|UV 7→ W 7→ R1π∗(EC)|U 7→ 0,
by the defining property of the algebraic family Kuranishi model, then we
have the identity
[V −W ] = [π∗
(EC)|C ],
in the K0(U).
For the case whenR2π∗
(EC) 6= 0 and pg > 0, we have the following equalities
instead,
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[V ] + [V˜ ]− [W˜ ] = [π∗
(EC)].
[V −W ] = [V + V˜]− [W˜ ]− [F ].
where [F ] = [2π∗
(OX×BTB(X ))] − [Ofebd(C,X/B)TB(X ) ]. For the details, please
consult [Liu3], section 4.
Then up to the trivial factor [Ofebd(C,X/B)TB(X ) ], we have the following equality
[V −W ] = [π∗
(EC)]− [2π∗(OX×BTB(X ))]
in the reduced K group of TB(X ). This ends the proof of proposition 7. ✷
Apply the proposition 6 and proposition 7 to C = C+kPD(C), we find that
AFSWX 7→B(1, C + kPD(C)) is equal to
= cq+dimCB([π∗
(EC+kPD(C))]− [R2π∗(OX×BTB(X ))])
when febd(C + kPD(C),X/B) < pg.
The above chern class can be re-written as
cdimCB+q([π∗
(EC)] + [π∗(OkC×BX × EC+kPD(C))]− [R2π∗(OX×BTB(X ))])
∑
r≥0
cr([π∗
(OkC×BX × EC+kPD(C))]) ∩ cdimCB+q−r([π∗(EC)|U ]− [R2π∗(OX×BTB(X ))]).
According to the assumption AF (iii)., we know that 0 ≤ febd(C,X/B) =
febd(C + kPD(C),X/B) < pg, then apply proposition 6 and proposition 7 to
C = C, we find that for ηr = cr([π∗
(OkC×BX × EC+kPD(C))]), the expression
cr([π∗
(OkC×BX × EC+kPD(C))]) ∩ cdimCB+q−r([π∗(EC)]− [R2π∗(OX×BTB(X ))])
is nothing but the mixed invariant AFSWX 7→B(ηr, C). By combining all
the identities, we get
AFSWX 7→B(1, C + kPD(C)) =
∑
r≥0
AFSWX 7→B(cr([π∗
(OkC×BX × EC+kPD(C))]), C).
This proves the family switching formula when 0 ≤ febd(C+kPD(C)) < pg.
On the other hand, when febd(C+kPD(C),X/B) = pg, eitherR2π∗
(EC+kPD(C)) =
0 orR2π∗
(OX×BTB(X )) ∼= OpgTB(X ) and F = 0. When pg = 0, eitherR2π∗
(EC+kPD(C)) =
0 or the algebraic Kuranishi model of C+kPD(C) is built above the complement
of the coherent sheaf R2π∗
(EC+kPD(C)) = 0.
In all these cases, AFSWX 7→B(1, C + kPD(C)) has the following schematic
form,
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= cq+dimCB([π∗
(EC+kPD(C))|U ])
= cq+dimCB([π∗
(EC)|U ] + [π∗(OkC×BX × EC+kPD(C))|U ])
=
∑
r≥0
cr([π∗
(OkC×BX × EC+kPD(C))|U ]) ∩ cq+dimCB−r([π∗(EC)|U ]),
When pg > 0, U is taken to be the whole space TB(X ). When pg = 0, U
is taken to be the complement of the support of the sheaf R2π∗
(EC+kPD(C)) in
TB(X ).
By the assumptionAF (iii). that febd(C,X/B) = febd(C+kPD(C),X/B) =
pg > 0 or the support of R2π∗
(EC) = U c ⊂ TB(X ), the above summation can
be recasted into
=
∑
r≥0
AFSWX 7→B(cr([π∗
(OkC×BX × EC+kPD(C))]), C).
This finishes the proof of the theorem. ✷
Remark 3 The condition AF (iii) has no counterpart in the C∞ proof of the
family switching formula. The condition on the formal excess base dimension
when pg > 0 is needed as AFSW differ from the usual FSW for families of
pg > 0 algebraic surfaces. The condition on the supports of R2π∗
(E) is needed
when the relative curve C 7→ B has singular fibers. When C 7→ B is smooth
(as was assumed in the C∞ version of family switching formula), one can show
that the supports of R0π∗
(EC+kPD(C)) and of R2π∗(EC) do not overlap. By
shrinking the open set U to avoid the support of R2π∗
(EC), one may prove the
family switching formula in the case pg = 0, R2π∗
(EC) 6= 0, without assuming
the supports of R2π∗
(EC) and R2π∗(EC+kPD(C)) coincide.
In the statement of the family switching formula of algebraic family Seiberg-
Witten invariants, the various Chern classes of the relative obstruction virtual
sheaf π∗
(OkC×BTB(X ) ⊗ EC+kPD(C))
= R0π∗
(OkC×BTB(X ) ⊗ EC+kPD(C))−R1π∗(OkC×BTB(X ) ⊗ EC+kPD(C))
relates the algebraic family invariants. When the relative curve C 7→ B is
not smooth, neither of Riπ∗
(OkC×BTB(X )⊗EC+kPD(C)), i = 1, 2 are locally free
and the ranks Riπ∗
(OkC×BTB(X )⊗EC+kPD(C))⊗ k(b) jump as b range through
the singular values of the map C 7→ B.
At the end of the section, we discuss its relationship with the relative ob-
struction bundle appearing in the C∞ version of the family switching formula.
Consider the short exact sequences
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0 7→ O(n−1)C(−C)⊗ EC+nPD(C) 7→ OnC ⊗ EC+nPD(C) 7→ OC ⊗ EC+nPD(C) 7→ 0
for n = 2, · · · , k. which comes from tensoring EC+nPD(C) to
0 7→ OB(−A) 7→ OA∪B 7→ OA 7→ 0
with A = C, B = (n− 1)C being the relative divisors in π : X 7→ B.
Proposition 8 In the K group of coherent sheaves on B, there is an equality
[π∗
(OkC×BTB(X ) ⊗ EC+kPD(C))] =
∑
1≤p≤k
[π∗
(OC(pC)⊗ EC)].
Proof of the proposition: For k = 1, the formula is an identity once we realize
EC+PD(C) = O(C)⊗ EC .
Assume that by induction hypothesis the equality has been proved for k−1,
namely,
[π∗
(O(k−1)C×BTB(X ) ⊗ EC+(k−1)PD(C))] =
∑
1≤p≤k−1
[π∗
(OC(pC)⊗ EC)].
By using the above short exact sequences and EC+pPD(C) = EC ⊗O(pC), we
get
[π∗
(OkC×BTB(X )⊗EC+kPD(C))] = [π∗(O(k−1)C×BTB(X )⊗EC+(k−1)PD(C))]+[π∗(OC×BTB(X )(kC)⊗EC)]
=
∑
1≤p≤k−1
[π∗
(OC(pC)⊗ EC)] + [π∗(OC×BTB(X )(kC)⊗ EC)]
=
∑
1≤p≤k
[π∗
(OC(pC)⊗ EC)].
✷
Because equivalent elements in the K group have identical Total Chern
classes, we may use
∑
1≤p≤k−1[π∗
(OC(pC) ⊗ EC)] in the family switching for-
mula.
If C 7→ B is smooth, then π∗
(OC(pC)⊗ EC) is equal to R0π∗(OC(pC)⊗ EC)
if
∫
C
(C + pPD(C) ≥ 0; it is equal to 0 if ∫
C
(C + pPD(C) = −1; it is equal to
−R1π∗
(OC(pC)⊗ EC) if ∫C(C + pPD(C)) < −1.
Then under the identifications:
OC(C) ∼= NC
E2C ⊗K−1X/B ∼= L
each term π∗
(OC(pC) ⊗ EC) is identified with the locally free sheaf Vp as-
soicated to the relative obstruction sheaf (see prop. 3).
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5 The Switching of the Canonical Obstruction
Bundles
As in the previous section let X 7→ B be an algebraic fiber bundle and let
X ⊃ C 7→ B be an P1 fibration with negative fiberwise self-intersection number∫
X/B
PD(C)2 < 0.
The algebraic construction of the family switching formula suggests that
when the (1, 1) classes C and C+kPD(C) differ by the k-multiple of the Poincare
dual class, the algebraic family Seiberg-Witten invariants of C and C+kPD(C)
are related to each other through the topological data determined by C, the
multiplicity k and C.
In fact, this is one of the key observations used in the proof of the Go¨ttsche-
Yau-Zaslow conjecture [Liu1].
In this section, we construct the switching long exact sequence for the alge-
braic canonical obstruction bundles of the universal families.
Let M be an algebraic surface over C. Let Mn denote the n−th univer-
sal space constructed in [V],[Liu1]. Let Γ be an n-vertexes admissible graph.
Following the notation of [Liu1], let Y (Γ) =
∐
Γ′<Γ YΓ′
∐
YΓ denote the clo-
sure of the locally closed subset YΓ ⊂ Mn called the admissible strata. Then
B = Y (Γ) ⊂ Mn is the base space of the fiber bundle π = fn|Y (Γ) : Y (Γ) ×Mn
Mn+1 7→ Y (Γ).
As a fiber product of Mn+1 7→ Mn and Y (Γ) ⊂ Mn, the space Y (Γ) ×Mn
Mn+1 can be constructed from Y (Γ) ×M by blowing up n consecutive times.
Let Ei, 1 ≤ i ≤ n denote the i− th exceptional divisor of the blowing ups. Then
Ei induces a unique cohomology class in H
1,1(Y (Γ) ×Mn Mn+1,Z). On the
other hand, any given C ∈ H1,1(M,Z) also induces a class in H1,1(Y (Γ) ×Mn
Mn+1,Z). We slightly abuse the notation and denote them by the same symbols
Ei, 1 ≤ i ≤ n and C.
Consider a topological type of algebraic curve singularity, let mi ∈ N be the
multiplicities of the minimal resolution of the curve singularities.
Consider C = C−∑1≤i≤nmiEi, also denoted as C−M(E)E, following the
convention in [Liu1].
Over the generic strata YΓ of the smooth space Y (Γ), there are a finite
number of irreducible smooth type I exceptional curves in the fibers of YΓ×Mn
Mn+1 7→ YΓ whose cohomology classes are the combinations of the various Ei,
ei = Ei−
∑
j Ej ; where in the summation
∑
j the j−th vertexes run through all
the direct descendents of the i− th vertex in the graph Γ. All such ei generate
a simplicial cone in H1,1(Y (Γ)×Mn Mn+1,Z).
According to the general curve enumeration scheme in section 3 of [Liu4],
there are a finite number of type I exceptional classes eki =
∑
Eki −
∑
jki
Ejki ,
1 ≤ i ≤ p, characterized by the property that (C−M(E)E) · eki < 0 if and only
if 1 ≤ i ≤ p. Such eki , for 1 ≤ i ≤ p, generate a sub-simplicial cone, called the
type I exceptional cone of C = C −M(E)E over YΓ.
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The complex codimension of Y (Γ) ⊂Mn is equal to−
∑
1≤i≤n
e2i−ei·c1(KMn+1/Mn )
2 ,
which is also equal to the number of edges of the admissible graph Γ.
Each eki is represented by holomorphic curves above Y (Γ) and it corresponds
to a P1 fibration (may contain singular fibers) Ξki 7→ B such that
(i). The generic fibers of Ξki 7→ B are smooth P1.
(ii). The fiberwise self intersection number of Ξki is equal to eki · eki < 0.
Therefore, each of the curve fibrations Ξki , 1 ≤ i ≤ p are qualified to be the
C in the discussion of the algebraic family Seiberg-Witten switching formula in
section 4.
The family switching formula concludes that the family invariants of C =
C−M(E)E and of C− ek1 , C− ek1 − ek2 , · · ·, or C −
∑
1≤i≤p eki are related to
each other through the insertion of Chern classes of certain relative obstruction
bundles.
In the following, we assume additionally that the class C is raised to a higher
multiple such that degωM
(
C− c1(KM )
)
> 0. As a consequence of Serre duality,
the sheaf R2π∗
(EC) = 0.
Lemma 5 Let X = Y (Γ)×Mn Mn+1 7→ Y (Γ) = B be the algebraic fiber bundle.
Suppose that
degωX/B
(
C − c1(KX/B)
)
> 0,
then R2π∗
(EC−ME(E)−∑
1≤i≤p
eki
)
= 0, R2π∗
(EC−M(E)E) = 0.
Proof of lemma 5: Both C −M(E)E and C −ME(E) −∑1≤i≤p eki can be
schematically written as C +
∑
1≤i≤n diEi for some tuples of di ∈ Z.
If either of the sheaves R2π∗
(EC−ME(E)−∑
1≤i≤p
eki
)
, R2π∗
(EC−M(E)E) is
not zero, then there exists a b ∈ T (M)×B such that the base changeR2π∗
(EC+∑
1≤i≤n
diEi
)⊗
k(b) is nonzero. Then by base change theorem [Ha], the second sheaf co-
homology H2(Xb, EC+∑
i
diEi
|b) is nonzero. By Serre duality, it implies that
KXb ⊗ E∗C+∑ diEi has a non-trivial holomorphic section over Xb.
Thus by adjunction formula of the canonical class, the class c1(KM ) +∑
1≤i≤n(1− di)Ei − C is represented by a holomorphic curve in Xb.
Let ω0 be an ample polarization on M . Because the smooth fiber algebraic
surface Xb is blown up from (M,ω0) by n-consecutive blowing-ups (with the
blowing up centers determined by the image of b in Mn), the polarization class
on Xb can be chosen to be ω0 −
∑
1≤i≤n ǫiEi for some sequence of sufficiently
(and arbitrarily) small ǫi, 1 ≤ i ≤ n, 0 < ǫi 7→ 0.
Then the degree of the effective class c1(KM ) +
∑
1≤i≤n(1− di)Ei − C,
(ω0−
∑
1≤i≤n
ǫiEi)·(c1(KM )+
∑
1≤i≤n
(1−di)Ei−C) = (c1(KM )−C)·ω0+
∑
1≤i≤n
ǫi(di−1) > 0.
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However this implies that degω0(c1(KM ) − C) ≥ lim
∑
1≤i≤n ǫi(di − 1) = 0
when we take ǫi 7→ 0. Contradicting to the assumption degω0(c1(KM ) − C) =
−degω0(C − c1(KM )) < 0. ✷
In the long paper [Liu1], the relationship among the family invariants was
read off by using the long exact sequence
0 7→ R0π∗
(EC−M(E)E−∑
i
eki
) 7→ R0π∗(EC−M(E)E) 7→ R0π∗(O∑
1≤i≤p
Ξki
⊗ EC−M(E)E
)
7→ R1π∗
(EC−M(E)E−∑
i
eki
) 7→ R1π∗(EC−M(E)E) 7→ R1π∗(O∑
1≤i≤p
Ξki
⊗ EC−M(E)E
) 7→ 0.
Following the discussion in section 5.1 of [Liu3], canonical algebraic family
Kuranishi models (Vcanon,Wcanon,ΦVcanonWcanon) and (V
◦
canon,W
◦
canon,ΦV◦canonW◦canon)
can be constructed for C−M(E)E and C−M(E)E−∑1≤i≤p eki , respectively.
The following lemma characterizes the Vcanon,V
◦
canon for both C−M(E)E
and C −M(E)E −∑i≤p eki .
Lemma 6 Let C be a (1, 1) class on M such that EC−c1(KM ) is ample on M .
Let (Vcanon,Wcanon,ΦVcanonWcanon) and (V
◦
canon,W
◦
canon,ΦV◦canonW◦canon)
denote the canonical algebraic family Kuranishi models of C = C −M(E)E
and C = C −M(E)E −∑i≤p eki . Then Vcanon = V◦canon and the bundle
Vcanon on T (M) × Mn is the pullback from an algebraic vector bundle over
T (M) of rank=
C2−C·c1(KMn+1/Mn )
2 − q(M) + pg + 1 by the projection map
T (M)×Mn 7→ T (M).
Proof of the lemma: Assuming that EC−c1(KM ) is ample onM , then by Kodaira
vanishing theorem the higher derived image sheaves of EC−c1(KM) ⊗ KM ∼= EC
along the projection map πT (M) :M × T (M) 7→ T (M) vanish.
Thus, R0(πT (M))∗
(EC) is locally free of rank C2−C·c1(KM )2 −q(M)+pg(M)+
1. (the rank is determined by surface Riemann Roch formula)
On the other hand, in the definition 5.3 of [Liu3], both of the bundlesVcanon,
V◦canon are defined to be the algebraic bundles associated to the locally free sheaf
R0π∗
(EC), where the sheaf EC is pulled back from M ×T (M) to Mn+1×T (M)
through the composition map
Mn+1 × T (M) 7→Mn ×M × T (M) 7→M × T (M).
Therefore there is a commutative diagram
Mn+1 × T (M) −→ M × T (M)y
y
Mn × T (M) −→ T (M)
Thus, R0π∗
(EC) is pulled back from T (M). ✷
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The coherent sheaves R0π∗
(EC−M(E)E−∑
i
eki
)
and R0π∗
(EC−M(E)E) de-
termine algebraic cones in the total space of V◦canon = Vcanon and their projec-
tifications are the algebraic family moduli spaces MC−M(E)E−∑
i
eki
7→ Mn ×
T (M), MC−M(E)E 7→Mn × T (M).
According to the general construction of algebraic family Kuranishi mod-
els, MC−M(E)E−∑
i
eki
, MC−M(E)E are sub-schemes of PMn×T (M)(Vcanon)
which are the zero loci of the canonical sections of the obstruction bundles
H⊗ π∗
P(Vcanon)
W◦canon and H⊗ π∗P(Vcanon)Wcanon .
Let C = C −M(E)E. Suppose that ΦVcanonWcanon : Vcanon 7→ Wcanon
denote the canonical algebraic Kuranishi map, then the canonical section of
H ⊗Wcanon on PMn×T (M)(Vcanon), scanon, is induced by the bundle map
ΦVcanonWcanon as the following. Each ray in Vcanon determines a unique image
ray in Wcanon through ΦVcanonWcanon
and induces a map
H∗ −→ π∗P(Vcanon)Wcanon,
or equivalently a map
HOM(C,
(
H∗
)∗ ⊗ π∗P(Vcanon)Wcanon) ∼= H⊗ π∗P(Vcanon)Wcanon.
This map can be viewed as the canonical section scanon ofH⊗π∗P(Vcanon)Wcanon
defining the algebraic family moduli space MC as a sub-scheme in P(Vcanon).
The discussion for C = C−M(E)E−∑i eki and ΦV◦canonW◦canon : V◦canon 7→
W◦canon is parallel and the corresponding canonical section is denoted by s
◦
canon.
When we restrict to the subspace Y (Γ) ⊂ Mn of the universal space, the
classes eki , eki · (C−M(E)E) < 0, 1 ≤ i ≤ p become effective exceptional curve
classes. We would like to compare the canonical algebraic obstruction bundles
Wcanon and W
◦
canon.
The main conclusion of the section is the following proposition,
Proposition 9 Let (V◦canon,W◦canon,ΦV◦canonW◦canon) and (Vcanon,Wcanon,ΦVcanonWcanon)
denote the sheaf theoretic version of algebraic canonical family Kuranishi models
of C −M(E)E −∑1≤i≤p eki and C −M(E)E, respectively.
While restricting to the smooth subspace Y (Γ)×T (M) ⊂Mn×T (M), there
is a commutative diagram of sheaf morphisms between the two algebraic family
Kuranishi models.
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0 R0π∗
(O∑Ξki ⊗ EC−ME(E)
)
= R0π∗
(O∑Ξki ⊗ EC−ME(E)
)
y
y
y
V◦canon|Y (Γ)×T (M)
ΦV◦canonW
◦
canon−→ W◦canon|Y (Γ)×T (M) −→ R1π∗
(EC−M(E)E−∑
i
eki
)
y
y
y
Vcanon|Y (Γ)×T (M) ΦVcanonWcanon−→ Wcanon|Y (Γ)×T (M) −→ R1π∗
(EC−M(E)E)y
y
y
0 R1π∗
(O∑Ξki ⊗ EC−ME(E)
)
= R1π∗
(O∑Ξki ⊗ EC−ME(E)
)
Proof of the proposition: The isomorphism of V◦canon and Vcanon has been ad-
dressed in lemma 6. The rows are portions of the four term exact sequences
characterizing the algebraic family Kuranishi model maps. The last (third)
column is a portion of the long exact sequence induced from the short exact
sequence
0 7→ EC−M(E)E−∑eki 7→ EC−M(E)E 7→ O∑i Ξki ⊗ EC−M(E)E 7→ 0,
as was mentioned earlier.
The second column in the commutative diagram is a four term exact se-
quence onW◦canon andWcanon. By [Liu3],W◦canon andWcanon are by definition
R0π∗
(O∑
i≤n
miEi+
∑
i≤p
Ξki
⊗ EC
)
and R0π∗
(O∑
i≤n
miEi
⊗ EC
)
, respectively.
We start from the following exact sequence
0 7→ O∑
i≤p
Ξki
(−
∑
i≤n
miEi) 7→ O∑
i≤n
miEi+
∑
i≤p
Ξki
7→ O∑
i≤n
miEi
7→ 0
of divisors on Mn+1 ×Mn Y (Γ) × T (M) and tensor it by EC . By using
EC⊗O(−
∑
miEi) = EC−M(E)E, we take its derived image long exact sequence.
Because R1π∗
(O∑
i≤n
miEi+
∑
i≤p
Ξki
⊗ EC
)
= 0, the long exact sequence
is truncated into a four-term exact sequence. The commutativity of the dia-
gram follows from the naturality of all the sheaf morphisms involved and the
compatibilities of the connecting homomorphisms. ✷
Proposition 10 Let H denote the (restriction of the) hyperplane bundle of
P(Vcanon). Let s
◦
canon ∈ Γ(P(V◦canon),H ⊗ π∗P(V◦canon)W
◦
canon) and scanon ∈
Γ(P(Vcanon),H⊗ π∗P(Vcanon)Wcanon denote the the canonical sections definingMC−M(E)E−∑eki , MC−M(E)E.
Then the bundle map
H⊗ π∗P(V◦canon)W
◦
canon|Y (Γ)×T (M) 7→ H⊗ π∗P(Vcanon)Wcanon|Y (Γ)×T (M)
34
induced by the bundle map
W◦canon|Y (Γ)×T (M) 7→Wcanon|Y (Γ)×T (M)
(introduced in the proof of prop. 9) maps s◦canon to scanon.
Proof of the proposition: The commutativity of the diagram in prop. 9 implies
the following commuative square on the corresponding algebraic vector bundles,
V◦canon|Y (Γ)×T (M)
ΦV◦canonW
◦
canon−→ W◦canon|Y (Γ)×T (M)
‖
y
Vcanon|Y (Γ)×T (M) ΦVcanonWcanon−→ Wcanon|Y (Γ)×T (M)
Then it implies the following commuative squares of bundle maps,
H∗ −→ π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M)
‖
y
H∗ −→ π∗
P(Vcanon)
Wcanon|Y (Γ)×T (M)
From this commutative square one derives the conclusion of the proposition
immediately. ✷
If R0π∗
(O∑
i
Ξki
⊗ EC−M(E)E
)
is the zero sheaf over Y (Γ) × T (M), then
R1π∗
(O∑
i
Ξki
)
is locally free and W◦canon|Y (Γ)×T (M) 7→ Wcanon|Y (Γ)×T (M) will
be injective.
In this case the zero loci of s◦canon|Y (Γ)×T (M),MC−M(E)E−∑
i
eki
×Mn Y (Γ),
and of scanon|Y (Γ)×T (M), MC−M(E)E ×Mn Y (Γ), coincide as subschemes of
P(Vcanon).
In general the kernel sheaf R0π∗
(O∑
i
Ξki
⊗ EC−M(E)E
)
may be non-zero.
To analyze the difference ofMC−M(E)E−∑
i
eki
×Mn Y (Γ) andMC−M(E)E×Mn
Y (Γ), one factorizes the map
R0π∗
(O∑
i≤n
miEi+
∑
j≤p
Ξkj
⊗EC
)
=W◦canon|Y (Γ)×T (M) 7→ Wcanon|Y (Γ)×T (M) = R0π∗
(O∑
i≤n
miEi
⊗EC
)
into a sequence of sheaf morphisms,
R0π∗
(O∑miEi+∑
1≤i≤p−r
Ξki
⊗EC
) 7→ R0π∗(O∑miEi+∑
1≤i≤p−r−1
Ξki
⊗EC
)
, 0 ≤ r ≤ p−1,
imitating the switching process C −M(E)E 7→ C −M(E)E − ek1 7→ · · · 7→
C −M(E)E −∑i≤p eki on the cohomology classes.
The kernel of each of the above morphisms is isomorphic to R0π∗
(OΞkp−r ⊗
EC−M(E)E−∑
1≤i≤p−r−1
eki
)
, 0 ≤ r ≤ p− 1.
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Lemma 7 For 0 ≤ r ≤ p−1, the sheaf R0π∗
(O∑p
i=r+1
Ξki
⊗EC−M(E)E−∑
1≤i≤r
eki
)
fits into the following exact sequence,
0 7→ R0π∗
(O∑p
i=r+2
Ξki
⊗EC−M(E)E−∑
1≤i≤r+1
eki
) 7→ R0π∗(O∑p
i=r+1
Ξki
⊗EC−M(E)E−∑
1≤i≤r
eki
)
7→ R0π∗
(OΞkr+1 ⊗ EC−M(E)E−∑
1≤i≤r
eki
) 7→ · · · .
And for each r ∈ Z, 0 ≤ r ≤ p − 1, there exists an equality in the K group
of coherent sheaves on Y (Γ)× T (M),
[π∗
(O∑p
i=r+1
Ξki
⊗EC−M(E)E−∑
1≤i≤r
eki
)
] = [π∗
(O∑p
i=r+2
Ξki
⊗EC−M(E)E−∑
1≤i≤r+1
eki
)
]+[π∗
(OΞkr+1⊗EC−M(E)E−∑
1≤i≤r
eki
)
].
(A sketch of) the Proof: The proof of the lemma follows from taking the derived
long exact sequence of the short exact sequence,
0 7→ O∑p
i=r+2
Ξki
⊗EC−M(E)E−∑
1≤i≤r+1
eki
7→ O∑p
i=r+1
Ξki
⊗EC−M(E)E−∑
1≤i≤r
eki
7→ OΞkr+1⊗EC−M(E)E−∑
1≤i≤r
eki
7→ 0.
We omit the details. ✷
The rational curve fibrations dual to eki , Ξki , 1 ≤ i ≤ r form P1 fibrations
on Y (Γ). Over the open strata YΓ ⊂ Y (Γ) all the fibers of these Ξki are smooth
and irreducible. When the point specializes to be in Y (Γ) − YΓ, the fibers of
some of the Ξki may break up into more than one irreducible component and
different components smooth normal crossing P1.
The following proposition constraints the support of the kernel sheafR0π∗
(O∑
i≤p
Ξki
⊗
EC−M(E)E
)
of W◦canon|Y (Γ)×T (M) 7→ Wcanon|Y (Γ)×T (M).
Proposition 11 Let Zki ⊂ Y (Γ) − YΓ ⊂ Mn be the closed subset consisting of
the singular values of Ξki 7→ Y (Γ) (equivalently, the set over which the fibers
of Ξki fail to be irreducible). Then the support of the sheaf R0π∗
(O∑
i≤p
Ξki
⊗
EC−M(E)E
)
is contained in the subset (∪1≤i≤pZki)× T (M).
Proof of the proposition: By using lemma 7 and by using induction, the support
of R0π∗
(O∑
i≤p
Ξki
⊗ EC−M(E)E
)
, is contained in the union of the supports
∪1≤i≤psupp
(R0π∗(OΞki ⊗ EC−M(E)E−∑
1≤j≤i−1
ekj
))
.
It suffices to show that the support ofR0π∗
(OΞki⊗EC−M(E)E−∑
1≤j≤i−1
ekj
) ⊂
Zki × T (M) and we argue by contradiction.
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If not, there exists at least an i with 1 ≤ i ≤ p and a t 6∈ Zki × T (M)
such that after a base change to t the sheaf cohomology H0(Ξki |t,OΞki |t ⊗EC−M(E)E−∑
1≤j≤i−1
ekj
) 6= 0.
Because each pair of distinct 1 ≤ a, b ≤ p, Ξka |YΓ ,Ξkb |YΓ co-exist as P1 fiber
bundles over YΓ, then for all t ∈ YΓ,
eka · ekb = PD(Ξka |t) · PD(Ξkb |t) ≥ 0, a 6= b.
But this implies that for Ξki |t ∼= P1,
0 ≤ degP1OP1 ⊗ EC−M(E)E−∑
1≤j≤i−1
ekj
= eki · (C −M(E)E −
∑
1≤j≤i−1
ekj )
= eki · (C −M(E)E)− eki · (
∑
j≤i−1
ekj ) ≤ eki · (C −M(E)E) < 0.
Contradiction! ✷
The proposition singles out the geometric obstruction for s◦canon and scanon
to define the same zero locus over Y (Γ)×T (M), i.e. MC−M(E)E−∑
i≤p
eki
|Y (Γ)×T (M) ≡
MC−M(E)E|Y (Γ)×T (M), to the possibility that the the fibers of Ξki , 1 ≤ i ≤ p
can break into more than one irreducible component. This is exactly when
the so-called higher level admissible decompositions pop up within the family
X =Mn+1 ×Mn Y (Γ) 7→ Y (Γ) = B.
When this happens, the restriction of the algebraic family Kuranishi model of
C−M(E)E−∑i≤p eki , (V◦canon,W◦canon,ΦV◦canonW◦canon), to Y (Γ′)×T (M) (Γ′ <
Γ) is not an accurate approximation of the original algebraic family Kuranishi
model (Vcanon,Wcanon,ΦVcanonWcanon) any more and we have to choose a better
approximation over YΓ′ × T (M), Γ′ < Γ, through replacing each eki , 1 ≤ i ≤ p
by the effective type I exceptional classes e′kj , e
′
kj
· (C−M(E)E) < 0, 1 ≤ j ≤ p′
irreducible on YΓ′ . (Consult the definition of > on page 54).
Over Y (Γ) the exceptional classes eki , 1 ≤ i ≤ p are all effective. Then we
may adjoin any effective curve dual to the class C −M(E)E −∑1≤i≤p eki with
the union of type I exceptional curves dual to
∑
1≤i≤p eki to produce a curve
dual to C −M(E)E. This induces an inclusion
MC−M(E)E−∑
1≤i≤p
eki
|Y (Γ)×T (M) ⊂MC−M(E)E|Y (Γ)×T (M).
The following proposition characterizes the difference ofMC−M(E)E−∑
1≤i≤p
eki
and MC−M(E)E in terms of the intersection of s◦canon with the algebraic cone
associated with R0π∗
(O∑Ξki ⊗ EC−M(E)E
)
.
Proposition 12 Let H denote the invertible sheaf associated with the hyper-
plane line bundle on the prjectification ofV◦canon = Vcanon, PY (Γ)×T (M)(V
◦
canon),
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Then the locally free sheaf H⊗π∗
P(V◦canon)
W◦canon determines a vector bundle cone
over PY (Γ)×T (M)(V
◦
canon), the total space of H⊗π∗P(V◦canon)W
◦
canon|Y (Γ)×T (M).
The sheaf injection
0 7→ H ⊗ π∗P(V◦canon)R
0π∗
(O∑
i≤p
Ξki
⊗ EC−M(E)E
) 7→ H ⊗ π∗P(V◦canon)W◦canon|Y (Γ)×T (M)
determines an algebraic subcone Cρ of H ⊗ π∗P(V◦canon)W
◦
canon|Y (Γ)×T (M)
over PY (Γ)×T (M)(V
◦
canon).
The section s◦canon determines a smooth sub-scheme , denoted by the bold
character s◦canon, in the total space of H⊗π∗PY (Γ)×T (M)(V◦canon)W
◦
canon|Y (Γ)×T (M)
isomorphic to the base space PY (Γ)×T (M)(V
◦
canon) through the projection map
πW◦canon : H⊗ π∗P(V◦canon)W
◦
canon|Y (Γ)×T (M) 7→ PY (Γ)×T (M)(V◦canon).
The restriction of the algebraic family moduli space of C−M(E)E to Y (Γ)×
T (M),MC−M(E)E×Mn Y (Γ) = s−1canon(0) ⊂ PY (Γ)×T (M)(Vcanon), can be iden-
tified with the image ⊂ PY (Γ)×T (M)(V◦canon) ≡ PY (Γ)×T (M)(Vcanon) of the
scheme theoretical intersection s◦canon∩Cρ under the projection πH⊗pi∗
PY (Γ)×T (M)(V
◦
canon)
W◦canon
.
Proof of the proposition: To simplify our notations, we will drop the sub-
script Y (Γ) × T (M) and denote PY (Γ)×T (M)(V◦canon) ≡ PY (Γ)×T (M)(Vcanon)
by P(V◦canon).
Let us recall some basic facts about the construction of algebraic cones. By
[F] B.5.5. page 434, the algebraic vector bundle cone determined by a locally
free sheaf D over a schemeX is Spec(Sym(D∗)), where D∗ = HOMOX (D,OX).
Moreover, for a coherent sheaf R over a scheme X , one may construct an
algebraic cone over X by the recipe C(R) = Spec(S•(R)), where S• = Sym(R)
is the sheaf of graded OX algebra generated by S1 = R (of grade one).
In the current context, we take X = PY (Γ)×T (M)(V
◦
canon). Take P to be
the image of the sheaf morphism g : H ⊗ π∗
P(V◦canon)
W◦canon|Y (Γ)×Y (Γ) 7→ H ⊗
π∗
P(V◦canon)
Wcanon|Y (Γ)×Y (Γ). Then there is a short exact sequence
0 7→ H⊗π∗P(V◦canon)R
0π∗
(O∑
i≤p
Ξki
⊗EC−M(E)E
) 7→ H⊗π∗P(V◦canon)W◦canon|Y (Γ)×T (M) 7→ P 7→ 0.
Because HOMOX (·,OX) is a contra-variant left exact functor on the cat-
egory of sheaves of OX modules, there is a short exact sequence over X =
P(V◦canon),
0 7→ P∗ 7→ (H⊗ π∗P(V◦canon)W◦canon|Y (Γ)×T (M)
)∗ 7→ R 7→ 0,
where R is defined to be the cokernel of the injective morphism P∗ 7→(H⊗ π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M)
)∗
.
We define the cone Cρ ≡ C(R) by the above recipe in [F]. We may take D
to be the locally free
(H⊗π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M)
)∗
and then C(D) is the
associated algebraic vector bundle cone.
38
Then the above sheaf surjection D 7→ R 7→ 0 induces a surjection on the
corresponding sheaves of OX algebras and thus an inclusion of cones C(R) ⊂
C(D).
The next lemma relates the algebraic sub-cone Cρ with the coherent sheaf
H⊗ π∗
P(V◦canon)
R0π∗
(O∑
i≤p
Ξki
⊗ EC−M(E)E
)
.
Lemma 8 The dual of the coherent sheaf R satisfies R∗ = H⊗π∗
P(V◦canon)
R0π∗
(O∑
i≤p
Ξki
⊗
EC−M(E)E
)
.
For all t ∈ P(V◦canon), the fiber of the cone, Cρ|t = Cρ×P(V◦canon) {t} at t is
canonically isomorphic to H⊗ π∗
P(V◦canon)
R0π∗
(O∑
i≤p
Ξki
⊗EC−M(E)E
)⊗ k(t).
Proof: By dualizing the exact sequence we get
0 7→ R∗ 7→ ((H⊗ π∗P(V◦canon)W◦canon|Y (Γ)×T (M)
)∗)∗ 7→ (P∗)∗.
BecauseH⊗π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M) is locally free,
((H⊗π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M)
)∗)∗ ∼=
H⊗ π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M) canonically. It suffices to show that the map
H ⊗ π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M) 7→
(P∗)∗ factors through P ⊂ (P∗)∗ and
therefore coincides with the original
g : H⊗ π∗P(V◦canon)W
◦
canon|Y (Γ)×T (M) 7→ P 7→ 0.
Starting from
g : H⊗ π∗P(V◦canon)W
◦
canon|Y (Γ)×T (M) 7→ P ⊂ H⊗ π∗P(V◦canon)Wcanon|Y (Γ)×T (M)
and take the double dual of g. On the one hand, it is easy to see that (g∗)∗
factors through
(P∗)∗. On the other hand, bothH⊗π∗
P(V◦canon)
W◦canon|Y (Γ)×Y (Γ)
andH⊗π∗
P(V◦canon)
Wcanon|Y (Γ)×Y (Γ) are locally free, thus (g∗)∗ ≡ g canonically.
As g factors through P , so is (g∗)∗.
Once this is established,R∗ must be isomorphic toH⊗π∗
P(V◦canon)
R0π∗
(O∑
i≤p
Ξki
⊗
EC−M(E)E
)
as both are the kernel of the morphism g.
By the construction of Cρ it is apparent that
Cρ|t = Spec(Sym(R)⊗OXk(t)) = Spec(Sym(R⊗OXk(t))) = HOMk(t)(R⊗OXk(t), k(t))
= HOMOX (R,OX)⊗OX k(t) = R∗ ⊗OX k(t),
and the first part of the lemma already concludes thatR∗ = H⊗π∗
P(V◦canon)
R0π∗
(O∑
i≤p
Ξki
⊗
EC−M(E)E
)
.
Therefore Cρ|t = H⊗ π∗P(V◦canon)R
0π∗
(O∑
i≤p
Ξki
⊗ EC−M(E)E
)⊗ k(t). ✷
Let scanon andO denote the sub-schemes of the total space ofH⊗π∗P(V◦canon)Wcanon|Y (Γ)×T (M)
defined by the sections scanon and the zero section. Likewise set O
◦ to be the
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zero section sub-scheme of the total space of H⊗π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M).
We notice that the algebraic family moduli spaceMC−M(E)E×MnY (Γ), defined
to be s−1canon(0), can be viewed as the intersection scanon ∩O.
Define g to be the algebraic map on the total spaces of the vector bundles in-
duced byH⊗π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M) 7→ H⊗π∗P(Vcanon)Wcanon|Y (Γ)×T (M).
The proposition 10 implies that g(s◦canon) = scanon.
Moreover, the vector bundles projection maps induce the following commu-
tative diagram of isomorphisms.
s◦canon
g−→ scanony
y
O◦canon
g
= Ocanon
On the other hand, lemma 8 implies that Cρ = g
−1(O). Thus,
g(s◦canon ∩Cρ) = g(s◦canon) ∩ g(Cρ) = scanon ∩O.
On the scheme theoretic level, the ideal sheaf I ′ defines s◦canon∩Cρ ⊂ s◦canon
is the inverse image ideal sheaf g−1I · Os◦canon (see [Ha] page 163) of the ideal
sheaf I defining scanon ∩O ⊂ scanon under the map g : s◦canon 7→ scanon.
Since the commutative diagram of isomorphisms imply that g induces an
isomorphism between s◦canon and scanon, and therefore g
−1Oscanon = Os◦canon .
Thus, g−1I ⊂ g−1Oscanon = Os◦canon and I ′ = g−1I · Os◦canon = g−1I ∼= I.
Thus, the scheme scanon ∩O and s◦canon ∩Cρ are isomorphic.
This ends the proof of proposition 12. ✷
In general a cone can be decomposed into its irreducible components. There-
fore, we may write Cρ as
∑
ρi
Cρi , where each Cρi is an irreducible sub-cone of
Cρ. By lemma 8, the cone Cρ always contains an irreducible sub-cone O
◦, the
zero section cone of the vector bundle. Then there is a distinquished irreducible
component among Cρi , called Cρ0 = O
◦.
We have the following immediate corollary of proposition 12.
Corollary 3 Over the closure of the admissible strata, Y (Γ), the algebraic fam-
ily moduli space of curves in C −M(E)E, MC−M(E)E ×Mn Y (Γ) admits a
decomposition into
MC−M(E)E×MnY (Γ) =MC−M(E)E−∑ eki×MnY (Γ)∪
⋃
i6=0
πH⊗Wcanon(s
◦
canon∩Cρi ).
Each of the term πH⊗Wcanon(s
◦
canon ∩ Cρi) is a closed sub-scheme of X =
P(V◦canon).
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6 The Localized Top Chern Class and The Con-
tribution to the Family Invariants
At the end of this paper, we would like to discuss some implication of the
discussion presented above. Let us begin by reviewing the concept of localized
top Chern class of a vector bundle (see [F] p244 for the details).
Let E 7→ X be a rank e vector bundle on a purely m dimensional scheme
X and s : X 7→ E be a section with zero scheme Z(s). Let sE denote the
zero section. Define Z(s) = s!E([X ]) ∈ Am−e(Z(s)). It is called the localized
top Chern class of E with respect to s. The most important property of Z(s)
is i∗Z(s) = ce(E) ∩ [X ] ∈ Am−e(X) under the inclusion map i : Z(s) 7→ X .
Namely it is mapped to the (global) top Chern class of E under the inclusion
map i.
If one goes through the definition of s!E , one may write s
!
E([X ]) in an alter-
native way.
Proposition 13 Let CZ(s) denote the normal cone of Z(s) in X and let s(Z(s), X) =
s(CZ(s)) denote the total Segre class of the normal cone. Then the localized top
Chern class Z(s) is equal to {c(i∗E) ∩ s(Z(s), X)}m−e.
Moreover, for all r ∈ N the cycle class {c(i∗E) ∩ s(Z(s), X)}m−e−r = 0.
Proof: This is the consequence of the commutative diagram on [F] page 244
and proposition 6.1.(a) [F] page 94. The object {c(i∗E) ∩ s(Z(s), X)}m−e−r
vanishes in the cycle class group because in the proof of proposition 6.1.(a) [F]
cd+r(ξ) = 0 for d = rankCξ, r ∈ N. ✷
The constraint on the grading will be used extensively in the following dis-
cussion.
Insteading of taking Z(s), we consider Y ⊂ Z(s) to be a closed sub-scheme
and the denote inclusion Y ⊂ X by iY . Then the expression {c(i∗YE) ∩
s(Y,X)}m−e ∈ Am−e(Y ) defines a cycle class localized in Y .
Definition 1 Define the cycle class ZY (s) = {c(i∗YE) ∩ s(Y,X)}m−e to be the
localized top Chern class contribution of Y ⊂ Z(s).
The geometric meaning of this definition is clarified by the following propo-
sition.
Proposition 14 Suppose that the zero locus Z(s) can be decomposed into
∐
q Yq
such that Yq1 ∩ Yq2 = ∅, whenever q1 6= q2 and let jYq : Yq 7→ Z(s) denote the
inclusion map.
Then ∑
q
jYq∗ZYq (s) = Z(s).
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Proof: When Z(s) =
∐
q Yq, CZ(s) =
∐
qCYq . Thus A∗(Z(s)) ∋ s(Z(s), X) =∑
q jYq∗s(Yq, X).
Then by projection formula (theorem 3.2.(c) on [F] page 50)
Z(s) = {c(i∗E) ∩ s(Z(s), X)}m−e =
∑
q
{c(i∗E) ∩ {jYq}∗s(Yq, X)}m−e
=
∑
q
jYq∗
(
c(j∗Yq i
∗E)∩s(Yq , X)
)}m−e =∑
q
{jYq∗
(
c(i∗YqE)∩s(Yq , X)
)}m−e =∑
q
jYq∗ZYq (s).
✷
We apply this set up to the family invariant ofC−M(E)E, AFSWMn+1×T (M) 7→Mn×T (M)(1, C−
M(E)E).
6.1 An Identification Upon the Local Contribution
In our setting, we take X = PMn×T (M)(Vcanon) and E = H ⊗ π∗XWcanon.
Then the algebraic family moduli spaceMC−M(E)E = Z(scanon) and the family
invariant AFSWMn+1×T (M) 7→Mn×T (M)(1, C −M(E)E) is defined to be
Z ∼= A0(X) ∋ ctop(H⊗ π∗XWcanon)∩ c1(H)dimCMn+
C2−C·c1(KM )
2 +pg−
∑
i
m2
i
+mi
2 .
As in the earlier sections let Γ 6= γn be an n-vertex admissible graph such
that all the type I exceptional classes ei, 1 ≤ i ≤ n over Y (Γ) satisfy the
following condition,
Special Condition:
either
(i). (C −M(E)E) · ei < 0, i.e. M(E)E · ei > 0.
or
(ii). the condition e2i = −1, i.e. ei is a −1 type I exceptional class.
Let ki, 1 ≤ i ≤ p be the subscripts in {1, 2, · · · , n} such that (C −M(E)E) ·
eki < 0. By permuting the indexes we may assume ki = i for 1 ≤ i ≤ p. From
now on we adopt this simplified notation.
Because Y (Γ) ⊂ Mn is a closed inclusion, the restriction MC−M(E)E ×Mn
Y (Γ) is a closed sub-scheme of MC−M(E)E = Z(scanon). Then we may take
Y = MC−M(E)E ×Mn Y (Γ) and definition 1 determines a localized top Chern
class contribution of Y ⊂MC−M(E)E.
Then
ZY (s)∩c1(i∗YH)
C2−C·c1(KM )
2 +pg−
∑
i
m2
i
+mi
2 = {c(i∗YH⊗π∗XWcanon)∩s(Y,X)}
dimCMn+
C2−C·c1(KM )
2 +pg−
∑
i
m2
i
+mi
2
∩c1(i∗YH)dimCMn+
C2−C·c1(KM )
2 +pg−
∑
1≤i≤n
m2
i
+mi
2 ∈ A0(MC−M(E)E×MnY (Γ)) ∼= Z
gives a localized contribution of the algebraic family invariant over Y (Γ).
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Question 1: Can we express (enumerate) the localized contribution of the
(algebraic) family invariant of C −M(E)E over Y (Γ) in terms of the family
invariant of some other classes?
The complete answer of this question in terms of differential topology has
been presented in [Liu1] by using the concept of modified family invariants, the
complete solution by a purely algebraic approach is beyond the scope of the
present paper. Instead, we try to motivate the readers by providing a light-
weighted version which answers the following questions.
Question 2: What is the explicit form of the typical family invariant that we
express the localized contributions of the family invariant over Y (Γ)?
Question 3: Why does the procedure of enumerating the local contributions
of the algebraic family invariants involve the so-called higher level admissible
decomposition classes (defined in [Liu1]), i.e. the local contributions from the
Y (Γ′), Γ′ < Γ?
The conceptual understanding of both Question 2 and Question 3 are
essential to understand the solution of Question 1.
In corollary 3 on page 40, we have shown thatMC−M(E)E×Mn Y (Γ) can be
decomposed intoMC−M(E)E−∑
i
eki
×MnY (Γ) and ∪i6=0πH⊗pi∗
P(V◦canon)
Wcanon(Cρi∩
s◦canon).
As our goal is to illustrate the patterns and difficulties involved, we make
an additional assumption to simplify the discussion while the general situation
without imposing this assumption will be treated elsewhere [Liu5] by using the
residual intersection theory.
Simplifying Assumption: The space CC−M(E)E−∑
i
eki
and ∪i6=0πH⊗pi∗
P(V◦canon)
Wcanon(Cρi∩
s◦canon) are disjoint, i.e. CC−M(E)E−∑
i
eki
∩ ∪i6=0πH⊗pi∗
P(V◦canon)
Wcanon(Cρi ∩
s◦canon) = ∅.
As a direct consequence of this assumption we may name Y1 = CC−M(E)E−∑
i
eki
×Mn
Y (Γ), Y2 = ∪i6=0πH⊗pi∗
P(V◦canon)
Wcanon(Cρi ∩ s◦canon), and Y = MC−M(E)E =
Y1
∐
Y2.
Then the argument of proposition 14 implies that (after replacing Z(s) by
Z(s)×X Y )
ZY (scanon) = jY1∗ZY1(scanon) + jY2∗ZY2(scanon).
This implies that the localized contribution of the algebraic family invari-
ant of C −M(E)E over Y (Γ) can be decomposed into two parts, one from
jY1∗ZY1(scanon) ∩ c1(i∗YH)
dimCMn+
C2−C·c1(KM )
2 +pg−
∑
i≤n
m2
i
+mi
2 ∈ Z and an-
other from jY2∗ZY2(scanon) ∩ c1(i∗YH)
C2−C·c1(KM )
2 +pg−
∑
i≤n
m2
i
+mi
2 ∈ Z.
To answer Question 1, we have the following theorem:
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Theorem 4 Under the Simplifying Assumption above, the integer jY1∗ZY1(scanon)∩
c1(i
∗
YH)
dimCMn+
C2−C·c1(KM )
2 +pg−
∑
i≤n
m2
i
+mi
2 can be identified with the mixed
family invariant
AFSWMn+1×MnY (Γ)×T (M) 7→Y (Γ)×T (M)(ctotal(τ), C −M(E)E −
∑
i≤p
eki)
for some τ ∈ K0(Y (Γ) × T (M)) represented by a locally free sheaf on some
zariski open subset of Y (Γ)× T (M).
The mixed family invariant is identically zero when there exists an type I
exceptional class ei with 0 > (C −M(E)E) · ei > e2i .
Remark 4 The statement in the theorem still holds without the Simplifying
Assumption, but it is beyond the reach of the current discussion. The element
τ ∈ K0(Y (Γ) × T (M)) admits a locally free representative and its associated
vector bundle was called κ, the residual relative obstruction bundle on page 443
of [Liu1].
Proof of theorem 4: Because Y1 =MC−M(E)E−∑
i≤p
eki
×MnY (Γ) ≡ Z(s◦canon)×Mn
Y (Γ), our goal is to identify jY1∗ZY1(scanon)∩c1(i∗YH)
C2−C·c1(KM )
2 +pg−
∑
i≤n
m2
i
+mi
2
with some mixed family invariant of C−M(E)E−∑i≤p eki through a nine steps
process.
Step I: By definitions ofm = dimCP(V◦canon) = dimCB+q(M)+rankCV◦canon−
1 and e = rankCWcanon, ZY1(scanon) = {c(i∗Y1(H ⊗ π∗P(V◦canon)Wcanon)) ∩
s(Y1,P(V◦canon))}m−e, and we desire to transform it into a more recognized
form.
Denote the projection map Y1 7→ Y (Γ) by πY1 . Firstly, the inclusion Y1 ⊂
X = P(V◦canon) factors through Y1 ⊂ X×Mn Y (Γ) ⊂ X and it induces the short
exact sequence of cones (see page 72, example 4.1.6. in [F] for the definition)
0 7→ π∗Y1NY (Γ)Mn 7→ CY1X 7→ CY1X ×Mn Y (Γ) 7→ 0
and it implies the equality
s(Y1, X) = s(π
∗
Y1NY (Γ)Mn) ∩ s(Y1, X ×Mn Y (Γ)).
We plug this identity into the defining formula of ZY1(scanon) and get
ZY1(scanon) = {c(i∗Y1(H⊗π∗P(V◦canon)Wcanon))∩s(π
∗
Y1NY (Γ)Mn)∩s(Y1, X×MnY (Γ))}m−e.
Step II: By lemma 8 the cone ∪i6=0Cρi (excluding the irreducible componentO◦)
is the locus over which the map g from the total space ofH⊗π∗
P(V◦canon)
W◦canon|Y (Γ)×T (M)
to the total space of H⊗ π∗
P(V◦canon)
Wcanon|Y (Γ)×T (M) fails to be injective.
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Denote the projection map from Y1 to Y (Γ)× T (M) ⊂Mn × T (M) by kY1 .
The assumption that Y1 ∩ Y2 = ∅ implies the injection,
0 7→ i∗Y1H⊗ k∗Y1W◦canon 7→ i∗Y1H⊗ k∗Y1Wcanon
because Y2 ⊂ s◦canon the locus over which the map g|s◦canon fails to be injec-
tive, is disjoint from Y1.
By using πP(V◦canon)◦iY1 = kY1 , we may rewrite c(i∗Y1(H⊗π∗P(V◦canon)Wcanon/))
as c(i∗Y1H⊗ k∗Y1W◦canon) ∩ c(i∗Y1H⊗ k∗Y1Wcanon/i∗Y1H⊗ k∗Y1W◦canon).
Step III: As a direct consequence of our Simplifying Assumption on page 43
that the cone ∪i6=0Cρi is disjoint from Y1, the sheaf i∗Y1R0π∗
(O∑
i≤p
Ξi
(−M(E)E)⊗
EC
)
is trivial and the sheaf i∗Y1R1π∗
(O∑
i≤p
Ξi
(−M(E)E) ⊗ EC
)
is locally free
on Y1 = MC−M(E)E−∑
i≤p
eki
×Mn Y (Γ). We may denote the algebraic vec-
tor bundle associated with the first derived image sheaf by G 7→ Y1. By
the commutative diagram in the statement of proposition 9, i∗Y1(H ⊗ G) ∼=
i∗Y1H⊗ k∗Y1Wcanon/i∗Y1H⊗ k∗Y1W◦canon.
We notice that iY1 : Y1 ⊂ X factors through i¯Y1 : Y1 ⊂ X ×Mn Y (Γ) = X ′.
Combining the conclusion of step II and the above identification, we may
rewrite
i¯Y1∗ZY1(scanon) = i¯Y1∗{c(i∗Y1H⊗ k∗Y1W◦canon) ∩ s(Y1, X ′) ∩ c(i∗Y1H⊗G) ∩ s(π∗Y1NY (Γ)Mn)}m−e
=
∑
−∞<r≤dimCX′
i¯Y1∗{c(i∗Y1H⊗k∗Y1W◦canon)∩s(Y1, X×MnY (Γ))}m−e+r∩i¯Y1∗{c(i∗Y1(H⊗G))∩s(π∗Y1NY (Γ)Mn)}dimCX′−r.
Step IV: We recall that Z(s◦canon)×Mn Y (Γ) = Y1. Then by taking X ′ = X×Mn
Y (Γ), iX′ : X
′ ⊂ X , and E′ = i∗X′H⊗ π∗XW◦canon we find that (m′ = dimCX ′,
e′ = rankCW
◦
canon)
Z(s◦canon|X′) = {c(i∗Y1(H⊗ π∗XW◦canon)) ∩ s(Y1, X ′)}m′−e′
= {c(i∗Y1(H⊗ π∗XW◦canon)) ∩ s(Y1, X ′)}m−e−rankCNY (Γ)Mn+rankCG
by using m′ = dimCX − (dimCMn − dimCY (Γ)) = m − codimCY (Γ) =
m− rankCNY (Γ)Mn and e′ = rankCWcanon − rankCG = e− rankCG.
Then the summation and its range of r in the final expression in step III can
be changed into
=
∑
rankCG−rankCNY (Γ)Mn≤r≤dimCX′
i¯Y1∗{c(i∗Y1H⊗k∗Y1W◦canon)∩s(Y1, X ′)}m−e+r∩i¯Y1∗{c(i∗Y1H⊗G)∩s(π∗Y1NY (Γ)Mn)}dimCX′−r,
by applying the grading constraint from proposition 13 to X ′, E′ = i∗X′
(
H⊗
W◦canon
)
and s◦canon|X′ .
To simply this final expression, some preparation in step V, VI, VII are
necessary.
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6.2 The Canonical Algebraic Kuranishi Model of Type I
Exceptional Curves
Step V: We construct the canonical algebraic Kuranishi model of a type I ex-
ceptional class ei = Ei −
∑
ji
Eji as the following.
Let Γei denote the n-vertex admissible graph such that
(i). the direct descendents of the i-th vertex are exactly all the ji-th vertexes.
(ii). the i-th vertex is the unique vertex among the n vertexes which has any
direct descendent.
See figure 1 for an example. Then Y (Γei) ⊂Mn is the locus over which the
class ei becomes effective and codimCY (Γei) is equal to the number of 1-edges
in the graph Γei .
Lemma 9 There exists a canonical sheaf isomorphism on the normal sheaf
NY (Γei )Mn ∼= R1π∗
(OΞi(Ei −∑ji Eji)
)
.
Proof: The sheaf short exact sequence
0 7→ OMn+1×MnY (Γei ) 7→ OMn+1×MnY (Γei )(Ei−
∑
ji
Eji) 7→ OΞi(Ei−
∑
ji
Eji) 7→ 0
implies the following short exact sequence
0 7→ R1π∗
(OMn+1×MnY (Γei )
) 7→ R1π∗(OMn+1×MnY (Γei )(Ei−
∑
ji
Eji)
) 7→ R1π∗(OΞi(Ei−
∑
ji
Eji )
) 7→ 0.
We notice R1π∗
(OMn+1×MnY (Γei )
) ∼= H1(M,OM )⊗OY (Γei ).
Consider the sheaf short exact sequence
0 7→ OMn+1(Ei −
∑
ji
Eji) 7→ OMn+1(Ei) 7→ O∑
ji
Eji
(Ei) 7→ 0
46
and take the right derived long exact sequence along π = fn :Mn+1 7→Mn,
we get the following five-term sheaf exact sequence over Mn,
0 7→ R0π∗
(OMn+1(Ei−
∑
ji
Eji)
) 7→ OMn 7→ R0π∗(O∑
ji
Eji
(Ei)
) 7→ R1π∗(OMn+1(Ei−
∑
ji
Eji )
)
7→ R1π∗
(OMn+1(Ei)) 7→ 0.
Similar to the discussion in proposition 5.3 of [Liu3], the sheafR0π∗
(O∑
ji
Eji
(Ei)
)
is locally free with its rank equal to the number of 1-edges in Γei . It is the canon-
ical obstruction bundle of the type I class ei.
By using
OY (Γei ) ⊗H1(M,OM ) ∼= R1π∗
(OMn+1×MnY (Γei )
) ∼= R1π∗(OMn+1(Ei))|Y (Γei ),
it is easy to modify the above five-term exact sequence to the following
canoncial algebraic Kuranishi model of ei = Ei −
∑
ji
Eji ,
0 7→ R0π∗
(OMn+1(Ei−
∑
ji
Eji)
) 7→ OMn 7→ R0π∗(O∑
ji
Eji
(Ei)
) 7→ R1π∗(OMn+1(Ei−
∑
ji
Eji)
)
/R1π∗
(OMn+1) 7→ 0.
The morphism OMn ∼= R0π∗
(OMn+1(Ei)) 7→ R0π∗(O∑
ji
Eji
(Ei)
)
defines
a canonical section whose zero locus = Y (Γei). By proposition 4.3. in [Liu1],
the space Y (Γei) ⊂Mn is smooth and its codimension in Mn matches with the
rank of the locally free sheaf R0π∗
(O∑
ji
Eji
(Ei)
)
. Thus the algebraic section
defining Y (Γei ) is regular. An immediate consequence of the regularity of the
section is the following identification of the normal sheaf
NY (Γei )Mn ∼= R0π∗
(O∑
ji
Eji
(Ei)
)|Y (Γei ) ∼= R1π∗
(OMn+1(Ei−
∑
ji
Eji)
)
/R1π∗
(OMn+1)|Y (Γei ) ∼= R1π∗
(OΞi(Ei−
∑
ji
Eji )
)
.
The lemma is proved. ✷
6.3 Short Exact Sequences on NY (Γei )Mn
Step VI: Consider the P1 fibration Ξi 7→ Y (Γei) and the projection map π :
T (M) × Ξi 7→ T (M) × Y (Γei) induced from π : Mn+1 ×Mn Y (Γei) 7→ Y (Γei).
Then we have the following proposition,
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Proposition 15 Let ei be a type I exceptional class satisfying ei·(C−M(E)E) <
0. Suppose that the intersection pairing ei · (C −M(E)E) ≤ e2i < 0, then
there exists a relative effective divisor ∆i ⊂ Ξi 7→ Y (Γei) of relative degree
(M(E)E + ei) · ei ≥ 0, an invertible sheaf π∗Qi on Ξi pulled-back from Y (Γei)
and a short exact sequence of locally free sheaves,
0 7→ R0π∗
(O∆i(Ei−
∑
ji
Eji)
)⊗Qi 7→ R1π∗(OΞi(−M(E)E)) 7→ R1π∗(OΞi(Ei−
∑
ji
Eji)
)⊗Qi 7→ 0
exact on a zariski open subset of Y (Γei).
Suppose that the intersection pairing satisfies 0 > ei · (C −M(E)E) > e2i ,
then there exists a relative effective divisor ∆i ⊂ Ξi 7→ Y (Γei) of relative degree
−(M(E)E+ ei) · ei > 0, an invertible sheaf π∗Qi on Ξi pulled-back from Y (Γei)
and a short exact sequence of locally free sheaves,
0 7→ R0π∗
(O∆i(Ei−
∑
ji
Eji)
)⊗Qi 7→ R1π∗(OΞi(Ei−
∑
ji
Eji)
)⊗Qi 7→ R1π∗(OΞi(−M(E)E)) 7→ 0
exact on a Zariski open subset of Y (Γei ).
The reader should notice the similarity between proposition 15 and propo-
sition 4 in subsection 3.3. By lemma 9 in the previous subsection, these exact
sequences can be viewed as exact sequences about NY (Γei )Mn.
Proof of the proposition: Denote the set of all descendent indexes of i by Ji.
Firstly, notice that the effective divisorsEji ⊂Mn+1, ji ∈ Ji restrict to cross sec-
tions on Ξi 7→ Y (Γei). As Ξi is a P1 fibration, the invertible sheavesOΞi(Eji|Ξi)
for different ji ∈ Ji are equivalent after tensoring invertible sheaves pulled back
from the base Y (Γei). Define q = (M(E)E+ei) ·ei ∈ Z. Suppose that q ≥ 0, fix
one l ∈ Ji and define ∆i = qEl|Ξi +
∑
j 6∈Ji∪{i}
mjEj . Then OΞi(−M(E)E) and
OΞi(−∆i+(Ei−
∑
ji∈Ji
Eji )) have the same relative degrees along Ξi 7→ Y (Γei)
and the former is equivalent to the latter after tensoring the latter sheaf by some
invertible sheaf π∗Qi pulled-back from the base Y (Γei).
Then by tensoring the defining short exact sequence of ∆i by OΞi(Ei −∑
ji
Eji)⊗ π∗Qi,
one gets
0 7→ OΞi(−M(E)E) 7→ OΞi(Ei −
∑
ji∈Ji
Eji)⊗ π∗Qi 7→ O∆i(Ei −
∑
ji∈Ji
Eji)⊗ π∗Qi 7→ 0.
By taking the derived long exact sequence along π : Ξi 7→ Y (Γei) and restrict
to the complement of the support of R0π∗
(OΞi(−M(E)E)), we get the desired
sheaf short exact sequence stated in the proposition.
Notice that the choices of ∆i, Qi are not unique.
The proof of the q < 0 case is rather similar and we leave it to the reader.
✷
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6.4 Some Vanishing Results about the Local Contribution
Step VII: In this step, we derive a vanishing lemma which will be used in the
next few steps.
Lemma 10 Let V 7→ X be a vector bundle of rank v and let s : X 7→ V be a
regular section of V with i : Z(s) ⊂ X, codimCZ(s) = v. Let Q be a line bundle
over X, then 0 = cr(i
∗(Q⊗ V )− i∗V ) = {c(i∗(Q⊗ V )) ∩ s(i∗)V }dimCZ(s)−r ∈
AdimCZ(s)−r(Z(s)) for all r ∈ N.
A sketch of the proof: Firstly, assume that Q is effective and consider a fixed
section sDQ defining the effective divisorDQ. Then s⊗sDQ is a section of V ⊗Q
and Z(s) ⊂ Z(s⊗ sDQ).
By the regularity condition on s, NZ(s)X ∼= i∗V . Blowing up Z(s) ⊂ X into
a smooth divisor D.
By a direct computation following [F] page 161-162, equations (1), (2), (3),
one finds that
c(i∗(Q⊗V )∩s(Z(s), X) = c(Q⊗V )∩s(Z(s⊗sDQ), X)−c(O(−D)⊗Q⊗V )∩s(DQ, X).
By the grading constraint from proposition 13, the degree dimCX − v− r =
dimCZ(s)− r pieces of both terms on the right hand side vanish for all r ∈ N.
Thus cr(i
∗(Q⊗ V )− i∗V ) = 0 for all r ∈ N.
Secondly when Q is not effective, write Q = Q1 ⊗Q−12 , where Q1,Q2 are
both effective. This is always possible as we can twist Q by a high power of
ample line bundle D to make both Q1 = Q ⊗ Dl and Q2 = Dl effective for
large enough l≫ 0.
We know that fr(m,n) = cr(i
∗(Qm1 ⊗Qn2 ⊗V )− i∗V ) = 0 for all m,n, r ∈ N
because Qm1 ⊗Qn2 is effective.
On the other hand, c1(Q
m
1 ⊗Qn2 ) = m · c1(Q1) + n · c1(Q2) and fr(m,n),
being an algebraic combination of Chern classes of i∗Q and i∗V , must be a
polynomial expression in terms of m and n. Then the polynomial in n, fr(1, n)
has an infinite number of roots, fr(1, n) ≡ 0 for all n ∈ Z. In particular,
fr(1,−1) = 0 and thus
cr(i
∗(Q⊗ V )− i∗V ) = cr(i∗(Q1 ⊗Q−12 ⊗ V )− i∗V ) = 0. ✷
Step VIII: After the preparation in step VI and step VII, we continue the dis-
cussion from step IV and show that
Proposition 16 Suppose that ei · (C −M(E)E) > e2i for some i, 1 ≤ i ≤ p,
then local contribution ofMC−M(E)E−∑
i≤p
ei
×Mn Y (Γ) to the family invariant
AFSWMn+1×T (M) 7→Mn×T (M)(1, C −M(E)E) defined by (consult page 43
jY1∗ZY1(scanon) ∩ c1(i∗YH)
dimCMn+
C2−C·c1(KM )
2 +pg−
∑
i≤n
m2
i
+mi
2 ∈ Z
vanishes.
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Proof: For notational simplicity, we may assume that e1 · (C −M(E)E) > e21
by permuting the indexes {1, 2, · · · , p} (if it is necessary).
Firstly, we notice that for C = C −M(E)E, we have an equality,
0 < e1 · (C −M(E)E − e1) = e1 · (C − ei) =
(C2 − c1(KMn+1/Mn) · C
2
+ pg
)
−( (C − e1)2 − c1(KMn+1/Mn) · (C − e1)
2
+ pg +
e21 − c1(KMn+1/Mn) · e1
2
)
.
Thus the family dimension of the class C is strictly larger than the family
dimension of the splitting C − e1 and e1. We will argue the vanishing of the
intersection number by the negativity of the dimension count.
Firstly, takeW to be the algebraic vector bundle associated toR0π∗
(O
M(E)E+E1−
∑
j1
Ej1
⊗
EC
)
.
Then we argue
{c(i∗Y1H⊗π∗P(V◦canon)W)∩s(Y1, X
′}dimCX−codimCY (Γ)−rankCW∩c1(i∗Y1H)
C2−c1(KMn+1/Mn
)·C
2 +pg+dimCMn
vanishes.
It is because
dimCX−codimCY (Γ)−rankCW =
(C − e1)2 − c1(KMn+1/Mn) · (C − e1)
2
+pg+dimCMn+
∑
i≤p
e2i − c1(KMn+1/Mn) · ei
2
<
C2 − c1(KMn+1/Mn) · C
2
+ pg + dimCMn.
Secondly, we would like to transform α = {c(i∗Y1H⊗W)∩s(Y1, X ′)}dimCX−codimCY (Γ)−rankCW ∈AdimCX−codimCY (Γ)−rankCW(Y1) to the original local expression {c(i∗Y1π∗P(V◦canon)Wcanon)∩
s(π∗Y1NY (Γ)Mn) ∩ s(Y1, X ×Mn Y (Γ))}m−e.
By proposition 15 and the fact e1 · (C −M(E)E) > e21, there exists a short
exact sequence on R1π∗
(OΞ1(E1 −∑j1 Ej1)
)
. We may tensor it with EC and
get
0 7→ R0π∗
(O∆2(E1−
∑
j1
Ej1)
)⊗Q1⊗EC 7→ R1π∗(OΞ1(E1−
∑
j1
Ej1 )
)⊗Q1⊗EC 7→ R1π∗(OΞ1(−M(E)E)⊗EC) 7→ 0.
Let us set a few notations before moving forward.
By proposition 15 the sheaf R0π∗
(O∆i(Ei −∑ji Eji)
)⊗Qi ⊗ EC is locally
free on Ui, the complement of the support of R0π∗
(OΞi(−M(E)E)). Denote
the corresponding vector bundle by νi 7→ Ui. Denote the normal bundle of
Y (Γei ) ⊂Mn by Ni, 1 ≤ i ≤ p. Denote the inclusion Y (Γ) ⊂ Y (Γei) by hi.
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Because Y (Γ) is the locus over which all ei, 1 ≤ i ≤ p are effective, Y (Γ) =
∩1≤i≤pY (Γei ) and NY (Γ) = ⊕1≤i≤ph∗iNi.
Define U = U1 ∩ Y (Γ) ⊂ Y (Γ) and set πF : F = π∗X′h∗1ν1 ⊗Hπ∗X′ ⊕2≤i≤p
h∗iNi|X′×Y (Γ)U 7→ X ′×Y (Γ) U to be the projection map of the vector bundle F.
Set sF : X
′ ×Y (Γ) U 7→ F to be the zero section map.
Because Y1 ⊂ X ′ ×Y (Γ) U , α ∈ AdimCX−codimCY (Γ)−rankCW(Y1) defines a
class in AdimCX−codimCY (Γ)−rankCW(X ′ ×Y (Γ) U) and we abuse the notation
slightly and denote it by the same symbol. Then by page 67, example 3.3.2. of
[F], c(F) ∩ α = s∗FsF∗α and then
α = {α}dimCX−codimCY (Γ)−rankCW = s∗FsF∗{s(F)∩α}dimCX−codimCY (Γ)−rankCW+rankCF.
By the short exact sequence of ν1 in proposition 15 and by lemma 9, we have
s(π∗X′ν1⊗H)∩s
(
π∗X′(h
∗
1R1π∗
(OΞi(−M(E)E)⊗EC))⊗H|X′×Y (Γ)U) = s(π∗X′(h∗1(N1⊗Q1⊗EC))⊗H|X′×Y (Γ)U )
= s(π∗X′h
∗
1N1|X′×Y (Γ)U )∩c(π∗X′h∗1N1|X′×Y (Γ)U−π∗X′h∗1N1⊗Q1⊗EC⊗H|X′×Y (Γ)U ) = s(π∗X′h∗1N1|X′×Y (Γ)U ).
c(π∗X′h
∗
1N1|X′×Y (Γ)U−π∗X′h∗1N1⊗Q1⊗EC⊗H|X′×Y (Γ)U ) = s(π∗X′h∗1N1|X′×Y (Γ)U ) ≡ 1
because X×Mn Y (Γe1 ) is the regular zero locus of the global reqular section
of π∗XR0π∗
(O∑
j1
Ej1
(E1)
)
on X = PMn×T (M)(Vcanon), lemma 10 (we take
Q = π∗X(h
∗
1Q1 ⊗EC)⊗H) and the fact U ⊂ Y (Γ) ⊂ Y (Γe1 ).
Thus,
{s(i∗Y1F)∩α}dimCX+codimCY (Γ)−rankCW+rankCF = {s(i∗Y1π∗X′NY (Γ))∩c(i∗Y1H⊗R1π∗
(OΞ1(−M(E)E)⊗EC))
∩c(i∗Y1(H⊗ π∗XW)) ∩ s(Y1, X ′)}dimCX+codimCY (Γ)−rankCW+rankCF
= {s(NY (Γ))∩c(i∗Y1H⊗π∗P(V◦canon)Wcanon)∩s(Y1, X
′)}dimCX−codimCY (Γ)−rankCW+rankCF ∈ A∗(Y1),
due to the Chern classes identity
c(Wcanon) = c(W) ∩ c(R1π∗
(OΞ1(−M(E)E)⊗ EC))
derived from a short exact sequence similar to the one in proposition 9 relating
W◦canon and Wcanon.
Thirdly, the integral grading of the last expression above is equal to
dimCX+codimCY (Γ)−rankCW+rankCF = dimCX+
∑
1≤i≤p
e2i − c1(KMn+1/Mn) · ei
2
−rankCW−
∑
2≤i≤p
e2i − c1(KMn+1/Mn) · ei
2
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+rankCν1 = dimCX +
e21 − c1(KMn+1/Mn) · e1
2
− rankCW + rankCν1 = dimCX − rankCWcanon
+{e
2
1 − c1(KMn+1/Mn) · e1
2
+rankCν1+rankCR1π∗
(OΞ1(−M(E)E)⊗EC)} = rankCX−rankCWcanon = m−e,
and the final expression
{c(i∗Y1H⊗ π∗P(V◦canon)Wcanon) ∩ s(Y1, X ×Mn Y (Γ)) ∩ s(π
∗
Y1NY (Γ))}m−e
matches with the final expression in step I. Therefore, its cap product with
c1(iY1H)
C2−c1(KMn+1/Mn
)·C
2 +pg+dimCMn must be zero as well. ✷
Step IX: In this final step, we work with the situation that 0 > e2i ≥ ei · (C −
M(E)E), 1 ≤ i ≤ p. Define the class τ and identify the local family invariant
contribution on Y1 with AFSWMn+1×MnY (Γ)×T (M) 7→Y (Γ)×T (M)(ctotal(τ), C −
M(E)E −∑1≤i≤p ei).
Define τ to be the equivalence class represented by the sheaf
⊕1≤i≤ph∗i
(R0π∗(OΞi∩∪0≤a<iΞa(−M(E)E)⊗EC)⊕R0π∗(O∆i(−M(E)E))⊗Qi⊗EC),
locally free on ∩1≤i≤pUi × T (M), where Ui ⊂ Y (Γei) stands for the Zariski
open subset defined on page 50 in step VIII. Because πY1 : Y1 7→ Y (Γ) factors
through U ⊂ Y (Γ), crankCτ+r(π∗Y1τ) = 0 for r ∈ N.
The family moduli spaceMC−M(E)E−∑ei×MnY (Γ) = Y1 ⊂ X ′ above Y (Γ)
is defined to be the zero locus Z(s◦canon)×Mn Y (Γ). By applying proposition 13,
the mixed family invariantAFSWMn+1×MnY (Γ)×T (M) 7→Y (Γ)×T (M)(ctotal(τ), C−
M(E)E −∑1≤i≤p ei) can be identified with the following expression involving
localized top Chern class,
i¯Y1∗
( ∑
0≤r≤rankCτ
cr(i
∗
Y1τ) ∩ {c(i∗Y1H⊗ π∗P(V◦canon)W
◦
canon) ∩ s(Y1, X ′)}dimCX′−e′
∩c1(i∗Y1H)
(C−
∑
ei)
2−c1(KMn+1/Mn
)·(C−
∑
ei)
2 +pg+dimCY (Γ)+rankCτ−r
)
= i¯Y1∗
(
crankCτ (i
∗
Y1H⊗ π∗Y1τ) ∩ {c(i∗Y1H⊗ π∗P(V◦canon)W
◦
canon) ∩ s(Y1, X ′)}dimCX′−e′
∩c1(i∗Y1H)
(C−
∑
ei)
2−c1(KMn+1/Mn
)·(C−
∑
ei)
2 +pg+dimCY (Γ)
)
.
Thus, it suffices to identify
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i¯Y1∗
(
crankCτ (i
∗
Y1H⊗π∗Y1τ)∩{c(i∗Y1H⊗π∗P(V◦canon)W
◦
canon)∩s(Y1, X×MnY (Γ))}dimCX′−e′
)
with the final expression derived in step IV.
By a direct comparision it suffices to identify ck(i
∗
Y1
H⊗π∗Y1τ) with {c(i∗Y1H⊗
G) ∩ s(π∗Y1NY (Γ)Mn)}dimCX′−k for all k ∈ {0} ∪N and argue the vanishing of{c(i∗Y1H ⊗G) ∩ s(π∗Y1NY (Γ)Mn)}dimCX′−rankCτ−k, k ∈ N by the vanishing of
crankCτ+k(H⊗ π∗Y1τ) = 0, k > 0 for any locally free τ on U × T (M).
Firstly, by using NY (Γ)Mn = ⊕pi=1h∗iNi,
c(i∗Y1H⊗G) ∩ s(π∗Y1NY (Γ)Mn) = c(i∗Y1H⊗G− π∗Y1NY (Γ)Mn)
= c(i∗Y1H⊗G−i∗Y1H⊗(⊕1≤i≤pπ∗Y1h∗iQi⊗EC⊗Ni))∩pi=1c(i∗Y1H⊗π∗Y1h∗iQi⊗EC⊗Ni−π∗Y1h∗iNi).
Please consult proposition 15 in step VI for the definitions of Qi.
By lemma 9, the locus X ×Mn Y (Γei) ⊂ X is the zero locus of some regular
global section of the locally free sheaf π∗XR0π∗
(O∑
ji
Eji
(Ei)
)
, which implies
(by lemma 10) the equality c(H ⊗ Qi ⊗ EC ⊗ π∗X′Ni − π∗X′Ni) ≡ 1 for each
1 ≤ i ≤ p.
Thus, we may drop ∩pi=1c(i∗Y1H⊗ π∗Y1h∗iQi ⊗EC ⊗Ni − π∗Y1h∗iNi) from the
above expression and prove that
[G]− [⊕1≤i≤ph∗i (Qi ⊗ EC ⊗Ni)] ≡ τ,
in K0(U ×T (M)). As usual, we have used the calligraphic characters G, Ni,
Qi and EC to denote the locally free sheaf associated with G, Ni, Qi and EC .
This equality follows from the definitions of τ and G, the short exact se-
quences of Ni stated in proposition 15 and the following short exact sequences
0 7→ R0π∗
(OΞi∩∪a<iΞa(−M(E)E)⊗EC) 7→ R1π∗(OΞi(−M(E)E)⊗EC−∑i
a=1
ea
) 7→ R1π∗(OΞi(−M(E)E)⊗EC) 7→ 0
on Ui × T (M). This ends the proof of theorem 4. ✷
6.5 Some Partial Orderings Among (Γ,
∑
ei·(C−M(E)E)<0 ei)
At the end, let us address Question 3 on page 43 briefly. Theorem 4 has an-
swered the question of identifying the local contributions of the family invariant
under the Simplifying Assumption.
On the other hand, it is clear from proposition 12, the local contributions
over the whole Y (Γ) (not only from Y1) involve more terms yet to be identified
and are related to the local contributions upon (Cρ−O◦)∩ s◦canon. In principle
we may repeat our discussion upon Y (Γ) to some other admissible Y (Γ′),Γ′ < Γ.
(compare with ❂ on page 54).
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Our discussion in theorem 4 makes us believe that the mixed family in-
variants similar to the expression in theorem 4 could have appeared while we
enumerate these unknown contributions.
On the other hand, if we consider the local contributions of the family invari-
ants upon the closures of two admissible strata Y (Γ1), Y (Γ2), Y (Γ1)∩Y (Γ2) 6= ∅
simutaneously, it leads to potential over-counting as the local contributions from
Y (Γ1) ∩ Y (Γ2) are counted twice altegother. The phenomenon becomes more
complicated when more than two different Y (Γ) are involved and some com-
binatorial partial ordering (see page 54 below) upon these admissible graphs
Γ ∈ adm(n) have to be imposed in order to get a consistent enumeration on
FASW without over-counting.
A few partial orderings among the admissible strata YΓ, Γ ∈ adm(n) can
been introduced as below:
Given a fixedM(E)E =
∑
1≤i≤nmiEi encoding the singular multiplicities of
curve singularities, consider all the admissible strata YΓ,Γ ∈ adm(n) satisfying
the special condition on page 42.
One may introduce three partial orderings>, ❂,≫ among all such (Γ,∑ei·(C−M(E)E)<0 ei)
by the following conditions based on the degenerations of type I exceptional
classes:
Let Γ and Γ′ be two admissible graphs. If the following condition (i) holds,
(i). Γ > Γ′, i.e. YΓ′ ⊂ Y (Γ)− YΓ
then (Γ,
∑
ei·M(E)E>0
ei) is said to be larger than (Γ
′,
∑
e′
i
·M(E)E>0 e
′
i) under
a partial ordering >,
(Γ,
∑
ei·M(E)E>0
ei) > (Γ
′,
∑
e′
i
·M(E)E>0
e′i).
We say that (Γ,
∑
ei·M(E)E>0
ei) ❂ (Γ
′,
∑
e′
i
·M(E)E>0 e
′
i)) if additional to (i).,
the following condition (ii). is satisfied,
(ii). The class
∑
ei·(C−M(E)E)<0
ei −
∑
e′
j
·(C−M(E)E<0 e
′
j is effective over YΓ′ .
In other words for all b ∈ YΓ′ , the exceptional curve above b dual to each e′j
with e′j · (C −M(E)E) < 0 is an irreducible component of the tree of P1s dual
to an ei with ei · (C −M(E)E < 0.
We say that (Γ,
∑
ei·M(E)E>0
ei)≫ (Γ′,
∑
e′
i
·M(E)E>0 e
′
i) under≫ if (i). and
the following condition (iii). hold,
(iii). For all ei, with ei · (C −M(E)E) < 0, the corresponding e′i = ei. There
exists at least one 1 ≤ j ≤ n such that e2j = −1 but e′j · (C −M(E)E) < 0.
(compare with page 409-410 definition 4.5 of [Liu1])
If the equality may hold, we replace the symbols >, ❂, ≫ by ≥, ⊒, ≫.
We end the current paper by the following observation,
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Proposition 17 Let Γ satisfies the special condition on page 42 let (Γ,
∑
ei·(C−M(E)E<0
ei) >
(Γ′,
∑
e′
i
·(C−M(E)E<0 e
′
i), then there exists an intermidiate pair (Γ
′′,
∑
e′′
i
·(C−M(E)E<0 e
′′
i )
such that
(Γ,
∑
ei·(C−M(E)E<0
ei) ⊒ (Γ′′,
∑
e′′
i
·(C−M(E)E<0
e′′i )≫(Γ′,
∑
e′
i
·(C−M(E)E<0
e′i).
Proof: Consider the cohomology class
∑
ei·(C−M(E)E)<0
ei−
∑
e′
j
·(C−M(E)E<0 e
′
j .
If it has been effective on the whole YΓ′ , then we may take Γ” = Γ and the
statement holds trivially.
If the class
∑
ei·(C−M(E)E)<0
ei −
∑
e′
j
·(C−M(E)E)<0 e
′
j is not effective on
YΓ′ , one defines the index sets I = {i|1 ≤ i ≤ n, ei · (C −M(E)E < 0} and
J = {j|1 ≤ j ≤ n, e′j · (C −M(E)E) < 0} as subsets of the universal set
{1, 2, · · · , n}. Then there exists an non-empty subset J0 ⊂ J − I such that
(a).
∑
i∈I ei −
∑
j∈J−J0
e′j is effective on YΓ′ .
(b). Consider any proper subset J1 ⊂ J0, then
∑
i∈I ei −
∑
j∈J−J1
e′j is non-
effective on YΓ′ .
By a direct calculation the intersection pairing ei · e′i ∈ Z is always negative.
Thus for all points in YΓ′ , the irreducible P
1 dual to e′i is always an irreducible
component of the tree of P1 dual to ei. Therefore, ei−e′i, i ∈ I, is effective over
YΓ′ . So is their sum
∑
i∈I(ei − e′i) =
∑
i∈I ei −
∑
j∈I e
′
j.
As
∑
i∈I ei −
∑
j∈I e
′
j is effective but
∑
i∈I ei −
∑
j∈J e
′
j is not, there exists
at least one minimal subset J0 ⊂ J − I satisfying (a). and (b).
Then the co-existence of the type I exceptional classes e′j, j ∈ (J − J0) ∪ Jc
as irreducible rational curves defines an admissible stratum encoded by some
admissible graph Γ′′ with the properties e′′j ≡ ej for j ∈ (J − J0)∪ Jc, e′′j = Ej ,
i.e. (e′′j )
2 = −1, for j ∈ J0.
Recall that the closed set Y (Γ) is the locus in Mn over which the type I
exceptional classes ei, 1 ≤ i ≤ n are effective and it is apparent that all ei, as
effective combinations of e′′j = e
′
j , j ∈ (J−J0)∪Jc and some−1 classes e′′j , j ∈ J0
(effective over the whole Mn), are effective over YΓ′′ . Thus Y (Γ) ⊃ YΓ′′ and
Γ > Γ′′ accordingly. For a similar reason Γ′′ > Γ′ as well.
The non-emptyness of J0 implies (Γ
′′,
∑
e′′
j
·(C−M(E)E)<0 e
′′
j )≫ (Γ′,
∑
e′
j
·(C−M(E)E)<0 e
′
j).
On the other hand, to show that
∑
ei·(C−M(E)E)<0
ei−
∑
e′′
j
·(C−M(E)E)<0 e
′′
j
is effective over YΓ′′ (as requried by the partial ordering ❂), we show that the
difference must be an effective combination of e′′j , j ∈ (J−J0)∪Jc and e′′j , j ∈ J0.
Firstly, we know that
∑
ei·(C−M(E)E)<0
ei −
∑
e′′
j
·(C−M(E)E)<0
e′′j =
∑
i∈I
ei −
∑
j∈J−J0
e′j
is effective over YΓ′ . Thus, it must be an effective combination of e
′
j, 1 ≤ j ≤
n, say
∑
1≤j≤n cjej , cj ≥ 0.
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We argue that for all j ∈ J0, cj = 0. Otherwise, we may take J1 = {j|j ∈
J0, cj = 0} ⊂ J0 and make
∑
i∈I ei −
∑
j∈J−J1
e′j effective over YΓ′ , violating
the minimality condition (b). that J0 satisfies.
Thus,
∑
j≤n cje
′
j =
∑
j∈J−J0
cje
′
j +
∑
j 6∈J cje
′
j .
By the defining properties of Γ′ and Γ′′, e′j = e
′′
j , j ∈ (J − J0)∪ Jc. Thus all
these type I classes e′j, j ∈ (J − J0) ∪ Jc are effective over YΓ′′ and so is their
effective combination
∑
j 6∈J0
cje
′
j =
∑
ei·(C−M(E)E)<0
ei −
∑
e′′
j
·(C−M(E)E)<0
e′′j .
The proposition is proved. ✷
We point out the geometric origins of these partial orderings.
Remark 5 The partial ordering > indicates that the admissible stratum YΓ′
can be degenerated from YΓ. It implies that MC−M(E)E×Mn Y (Γ′) is contained
inside MC−M(E)E ×Mn Y (Γ).
The partial ordering ❂ indicates that every type I classes e′j with e
′
j · (C −
M(E)E) < 0 are degenerated from some ei as one of its irreducible components.
The ❂ implies that family moduli space MC−M(E)E−∑
ei·(C−M(E)E)<0
ei
×Mn
Y (Γ′) is contained inside MC−M(E)E−∑
e′
i
·(C−M(E)E)<0
e′
i
×Mn Y (Γ′).
The partial ordering ≫ indicates that when one degenerates from YΓ to
YΓ′ , some new type I class e
′
j with e
′
j · (C − M(E)E) < 0 appears while
the remaining ei, ei · (C −M(E)E) < 0 are preserved. The ≫ implies that
MC−M(E)E−∑
e′
i
·(C−M(E)E)<0
e′
i
×MnY (Γ′) is contained inMC−M(E)E−∑
ei·(C−M(E)E)<0
ei
×Mn
Y (Γ).
Notice that the Γ′ or Γ′′ in proposition 17 may not always satisfies the spe-
cial condition on page 42. This indicates that there is some other admissible
strata YΓ˙ in Mn satisfying the special condition and YΓ′ or YΓ′′ is in the
intersection of Y (Γ) and Y (dotΓ).
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